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Quadratic BSDEs BSD

0e00

and Girsanov's theorem

What is a quadratic BSDE?
o Still with our BSDE, Y < R!

T T
Yt:§+/ f(s,Ys,Zs)ds—/ Z.-dBs, 0<t<T
t t

e f:[0, T] x R x R — R continuous generator in (y, 2)
e Quadratic BSDE means quadratic w.r.t. z
f(t.y.2) <o+ Bly| + F12f
* a, (3, v nonnegative real numbers

Theorem (M. Kobylanski, 2000)
If¢ is bounded, BSDE (E¢ ¢) has a bounded solution.

e She also proves a comparison result

e Her approach is roughly speaking a PDE approach

Feynman-Kac’s Formula

(Ber)
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What can we hope?

o For the well known equation:
1 T T
Vgt [ 1Zfds— [ ZidBs
t t
e The change of variable P; = e"t, Q; = e"1Z, leads to the equation
T
P,:eﬁ—/ Qs dBs
t

e The solution is
Yi=InE (ef ] 7)

Theorem (Ph. B. & Y. Hu 2006)

Assume that
E [exp (WeﬁT |£|)] < +o0.

Then, (E¢ ) has a solution s.t.

1Yy < aTeBT—i—% IogE(exp (fyeﬁr|£\) |}}).
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Goal of the lecture

e Probabilistic proof of Kobilanski’s result

* with the terminal condition ¢ bounded

e Method based on Girsanov’s theorem
* with BMO martingales

* Get rid of the dependence in z of the generator

e Get some results when ¢ is not bounded
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Un elementary result

e f:[0,T]xRxRY — Rs.t.
* [f(t,0,0)] < «
* |f(ty,z) = f(t,y', 2)| < Bly — ¥/l
* |f(ty,z) = f(t,y,2')| <~z -2
e ¢ bounded

Proposition
Let (Y, Z) be a solution to (E¢ ).
Then Y is bounded and the bound does not depend on ~ :

Vil < (€lloe +aT) ™.
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Proof by linearization

e Let us recall that we write the BSDE as alinear one
T T
Y, =5+/ (f(s,0,0)+asYs+bs~Zs)ds—/ Z. - dB.,
t t

avec

f(s, Ys, Zs) — (5,0, Z
e (s, Ys, s)Y (s,0, 5)1‘Y5‘>0, las| < B
S
f(s,0, Zs) — f(s,0,0)
bs: 2
|Zs|

Zs1 z 50, |bs| <y
o SetB; = By — [Sbar

T T
Y,:g+/ (f(s,0,0)+asYs)dsf/ Z, - dB:
t t
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Proof by linearization

t
° {M, :/ bs-dBs:0<t< T} is a martingale and
0

T s
Y, = e 'E* (ger +/ esf(s,0,0)ds ’ J—"t) , €5 = exp (/ ar dr)
t 0

avec

dp* T 1 T 5
o =E&E(M)r =exp (/0 bs - dBs — E/o |bs| ds)

o 1Yi| < (llglloe +T)e”"
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Bound on Z
Proposition

If the Malliavin derivative of £ is bounded, then Z is bounded and the bound

does not depend on ~:
1Z:| < €7 || Dg]|oo-

o For he L2(0, T;R%), let B(h) = [ h(s) - dBs.
o If ¢ =d(B(h"),...,B(H)),oud cCse,
k
Dot = gi(B(h'),..., B(h))H(0)
j=1

e Chain rule
Dy®(F) = &' (F)DoF
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Malliavin Calculus and BSDEs

e We use only two points:

1. If f is smooth and ¢ is differentiable in the Malliavin sense, then (Y, 2) is
also differentiable in the Malliavin sense and

DoY:=0, DeZt=0, 0<t<O<T,

-
Dy Y; = Dyt +/ (8y£(S, Ys, Zs)Do Ys + 0:1(s, Ys, Zs) Do Zs) ds
t
.
—/ DyZsdBs, O0<t<T.
t

2. {D:Y;:0<t<T}isaversionof {Z:0<t< T}
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Bound on Z

Let us assume first that f is C".
(Y, Z) is differentiable in the Malliavin sense

As we said before, for0 < <t< T
D,Y;: = Dy¢ +/ (ayf(s, Ys, Zs)Dy Ys + 0z 1(s, YS,ZS)D;)ZS) ds
t
T .
- / DyZs - dBs
t

Previous result: |D, Yi| < °7 || D¢ .

For6 =t:|Z/ = Divy| < T ||Di¢]| .-

The general case is obtained by regularization
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Framework

e A bounded terminal condition : £ € L™

e A quadratic generator f : [0, T] x R x RY — R deterministic:
1ty 2) < o+ Blyl + 2|2

e Some régularity:
* |f(ty,z) = f(t,y", 2)| < Bly — ¥l
« |f(ty, 2) — f(t,y, 2) < p(1 + |2 +12'|)|z - Z/|
* |f(£,0,0)] < &
*vy=3p,a=0+p/2
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M. Kobylanski’s result

Theorem
The BSDE (E; r) has a unique solution (Y, Z) s.t. Y is a bounded process.

Proof by Girsanov
Let (£")n>1 converging in probability to & with

gn:(bn(Bff?"'thgn)y q)" ecboo, ||¢n||°° < ||€HOO
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Step 1
e In this step, n s fixed.
o Let, for k > 1, qu(2) = zZ2%, f(t,y, 2) = (L, qu(2)).

E

fx is B-Lipschitz en y and p(1 + 2k)-Lipschitz en z since
f(t,y,2) = f(t.y', Z) < Bly = ¥'| + p(1 + |2| +|Z])|z = Z']

Let (Y"*, Z"¥) be the solution to the BSDE

T T
vt m e [ veh zpyds — [ 20" o
t t

By the first proposition,
Y < ([€lloe + aT) T
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Step 1

£" is chosen so that Dy¢" is bounded
From the second proposition, Z™* is bounded independently of k:

27| < &1 Die" |
It follows that, for k large enough, gk(Z™*) = Z™*

We get a solution (Y, Z") to the BSDE
T T
Y,"=5"+/ f(s,Ys",Z_f)ds—/ Z]-dBs, 0<t<T.
t t

It remains to send n — oo.
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BMO martingales

Definitioq
{Mt = / Zs-dBs :0<t< T} is a BMO martingale if there exists a

0
constant C s.t. for each stopping time 7 < T:

E(IMr — M| F,) = E (/T 1Z2[2ds | fT) <c

e If M is a BMO martingale, the best constant C in the previous inequality
defines ||M||2uo
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Properties of BMO martingales (Kazamaki)

e Let M be a BMO martingale and let us denote N = ||M||gmo
o {E(M)t}iepo,m is a uniformly integrable martingale where
E(M): = exp(M; — (M)+/2)
e Reverse Holder inequality : there exists q. > 1 s.t.,for7 < T,
V1i<qg<gq., E(EM)E|F)<CN)EM)

_ 12
« G = ¢~ (N) with 6(p) = (1 1 log 2(’9 1)> 1

2
1—-2(q—1)(2g — 1)~ " exp(q?(N? + 2N))

« C(q.N) =

Iratic BSDEs
o

Feynman-Kac’s Formula
o0 =
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Back to the proof of the theorem
e (Y" Z") solves the BSDE

T T
y,”zg”+/ f(s,y;,z:)ds_/ Z0 . dBs, 0<t<T.
t t

Proposition
t

{M{’ = / Zy-dBs: telo, T]} is a BMO martingale. Moreover,
0

m" .
U | M| gyp < +00

Proof

e We use Itd’s formula with u(|x|) where the function u is defined by

e —1—x

Vx >0, u(x) =
> (x) 2



Quadratic BSDEs BSDEs and Girsanov’s theorem Proof of Kobylanski's result Conve

Feynman-Kac’s Formula
00000000 e0000 00« o

Computation

We denote sgn(x) = —1x<o0 + 1x>0,
T / 1 1!
oY) = ulvi) + [ (VOYsmn(Yor(s. Yo 2 - Ju (VDI ) ds
t

.
- [ (¥l sen¥e)Zs - .
t

Since u'(x) > 0forx >0
1 T 1! !
u(| i) + 5/{ (U (1Ysl) =7 &' (1Ys])) 1Zs]Pds < u(] Yr])+
T T
[ v @+ aiYahds— [ u(Yal)sen(¥s)Zs - B
t t
e uis construct s.t. (U’ —~u')(x) =1 and u(x) > 0 for x > 0,

1 T n
58| [ 12R 0| 7] < O, T 1V70) = Cla 5. T)
t
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Proof of Kobylanski's result
0000000

Convex Quadratic BSDEs
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000000000000 0000

Convergence of (Y",Z")

0000000

Proposition (Ph. B. and F. Confortola, 08)
There exists p > 1 s.t. forr > p,

T r/2
E [ sup_|V{" = Y7|" + </ 1Z" — Ztn|2df> ] <C(r,pE[IE" -]
0<t<T 0

e The idea is to linearize the BSDE satisfied by ys = Y — Y”

T T
n=¢"-¢"+ / (@Mys + bg™ - z5) ds — / Zs - dBs
t t
an,m _ f(S, YSm:ZSm) - f(S, Ynazsm)1
s Vs lys|>0
f(s, Y™, ZM) — f(s, YD, ZD
PACAE AT S T

Feynman-Kac’s Formula
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Proof of the estimate

We have |ag| < gand |bS™| < p(1 + |Z5| + |Z8).

MM = fot b2 - dBs is a BMO martingale and

N = sup ||Mn’m||BMo < 4+00.
n,m

e There exists q. = g.(N) > 1 (independent of mand n) s.t. for 1 < g < g«

E((ep™)7 | 7) < (@, N) (67)°

We easily get from the previous linear BSDE

i < T (gpM) T E (1€ - €"1EFT | Fr)
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Proof of the estimate

Let us pick 1 < g < g. et denote by p the conjugate exponent of g.

We have

1/
vl < T (€M T E (e~ &P | F) PR (™) | 7))

e With the reverse Hélder inequality

vl < €T0C(q, N)E (1€ — ¢"P | F) /P

To conclude, we have just to use Doob’s maximal inequality

o We deduce the estimate for Z from the bound on Y
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End of Proof

e We know that (Y", Z") is a Cauchy sequence.
e It is easy to check that the limit (Y, Z) solves our BSDE

e Uniqueness is proved by linearization in the same way
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Framework

e There existaa > 0,5 >0,~v > 0s.t.

e fis Lipschitz w.rt. y: forany t, z,

f(t,y,2) = 1(t.y',2)| < Bly — /|
® quadratic growth in z:

f(t.y,2)| < a+ Bly| + J|zf

® ¢ is Fr—measurable, not necessarily bounded,

YA >0, E [exp (A[¢])] < +o0.
e forany t,y, z— f(t,y, 2) is a convex function;

e We want to study BSDE (E; ;) in this setting

e The first we have to do is to get a tractable a priori estimate on the solution
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Exponential change

If (Y, Z) is a solution to
T T
Yi=¢ +/ f(s, Ys,Zs) ds — / Zs - dBs,
t t

where ¢ is bounded
then P, = ", Q; = ve""1 Z, (P, Q) solves the BSDE

T T
P =gt +/ F(s, Ps,Qs)ds—/ Qs - dBs
t t

@)A
p

with the function F defined by

Inp q)
F(s,p,q) = 1 fls, —2 2 )~
(s,p,q) p>o(’7p ( P

N =
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Upper Bound

This exponential change “kills the quadratic term” since, from the growth of f,

F(s,p,q) < G(p) := p(ay + Bl Inp|) 1(0,+c0)(P)-
This leads to the known estimate P; < ¢; with

T
— o€l G(¢s) ds.
pr=¢€ +/t (¢s) ds

This is useless if ¢ is unbounded
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rsanov’s theorem ac’s Formula

* We have also

F(s,p,q) < H(p) := p(ay + BInp) 111 400y (P) + v (—o0,1)(P)-

® The difference between G and H is that
His convex (ya > B).

e |t allows to compare P; with the solution to a differential equation without
using 1€l

If {¢t(x)}o<i< 7 Stands for the solution to

.
=g H(¢s) ds,
or eJr/t (¢s) ds

P < E(4(6) | 7). %S%MEWﬁHE)
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First Result

Lemma
If (Y, Z) is solution to BSDE(¢, f) with Y bounded and Z € 1.2,

—% log E (¢1(—€) | Fi) < i < %logE(qsf(s) | 7).

e This implies
1
< AT 4 — AT .
Vi <aTe” + 5 logE (exp ('ye |£\) | }'z>
o Actually, it explains the assumption on ¢ to get existence
E [e'vemlﬁ\] < 00
which is nothing but

$o(|¢]) integrable.
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Proof of the lemma

Since ¢; solves the equation
.
pr=¢€"+ / H(¢s) ds,
t
we have, setting &; = E (¢ | F1),

& —E (ewﬁ _|_/ITIE(H(¢5) | Fs) ds ] .7-}) .

Feynman-Kac’s Formula
0000000
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Proof of the lemma

But H is convex:
;
o >E (e"’er/ H (s) ds(f,) :
t
On the other hand

Pt

.
E (eVg +/ F(s, Ps,Qs)ds ‘ ]—‘,)
t
.
E (e’vﬁ +/ H(Ps) ds ' f{) .
t

So, looking at ®; — P; as the solution to a BSDE, the comparison theorem
gives P < &y

IN
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Comparison theorem

Theorem (Ph. B. and Y. Hu, 08)
Let(Y,Z) and (Y',Z') be solution to (E¢ ¢) and (E¢s r) where (&, f) satisfies
(H) and Y, Y’ belongs to £ (€ := exponential moment of all order).
If¢ <& andf < f then
vt € [0, T, Vi <Y
In particular, (E. r) has a unique solution in the class €.
Main idea

Estimate of Y; — nY{ for o € (0, 1).
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Proof: f independent of y
Set, for ne (0, 1), U=Y:— ,LLYII, Vi=2 — [LZt/.
T T
U = UT+/ Fs ds—/ VsdBs,  Fs=f(s,Z) — pf (s,25)
t t

Fo=[Kt.2) - pf (LZ)] +nlf (6L2Z) —F (t.2)]
and 67 (t) == £ (t,Z}) — ' (1, Z}) < 0.

Z - uZ
Zi=nZ+ (- m
—p
Z—uZ
f(t.z) = f(t7uzrl+(1—ﬂ)%>

Convexity < puf(t,Z) +(1— p)f <t7 Z'%f)
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1(0.2) = f (6.20) < (1= f (872 ) < (0= ot s Vi

Y 2
< _ Y S
Fr < pdf(t)+ (1 — p)a+ 501 )|Vt|

Second step

An exponential change of variable to remove the quadratic term
PIZGCU[7 Qi = cP V4, c>0

T Co T
PtIPT+C/ Ps("_s_E‘VS')ds_/ Qs dBs
‘ t

- T
Pr<Pran [ (a+ (1) it(s)) Peds— [ Qi
t t
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P <E (exp [’y/{T (a1 — ) wof(s)) ds} Pr| f,)

Pr = exp (%(5 - uc")) = exp (v <€ + ﬁ&))

P, SIE(exp {'y(&—l-ozT)-&-’Y% <5§+/IT‘5’((5)0’5)} ‘-7:’)

In particular,

1_
Yi—n¥i < <L logE (el (€ +aT)] | F)

and sending u to 1, we get
Y;—Y{<O.
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Existence

e We had the extra assumption
/
\

[f(t.y.2) = f(t,y,Z)| < p (1 + 2| +|Z|) |z - 2

* This assumption is not needed

* But we prove the result in the bounded case under this assumption!

e Let (Y",Z") be the solution to the quadratic BSDE
T T
Y = §n+/ f(s, Ys”,Zg)ds—/ ZdBs, 0<t<T
t t

* &n = qn(&) is bounded!

e From the a priori estimate

Y71 < 2 togE (exp (17 (¢ +aT)) | 7).
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Existence

e We have to prove that (Y, Z") is a Cauchy sequence.

e Arguing as in the proof of Comparison Theorem, we get

VP - ¥ < Tt g <exp [” (€ +aT) gl (€ ‘Em)] | f’)

e Taking into account the a priori estimate, we get, for f independent of y,

e -y < - £ logE (exp [1(I¢] + aT)] | Fi)

4 1 ;” logE (eXP { (€l +aT) +~v3—r0 |€ ’] ’}—t)
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Existence

e Using the fact that log x < x, we have
1—
Y7 = ¥i| < —FE(ew bl +aT)] | F)

+%E(exp[v<\s|+aﬂ+v 6" - '“F’)

e We deduce from Doob’s inequality that
2(1 —
P (sup, Y77 = V7] > 2) < X (e la(lel +aT))

+¥E(exp [7(\5|+a7—)+7 €7 = |D
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Existence

o |t follows that

2(1

limsupP (sup, | Y{" — Y{'| > ¢) < %E(exp [v(1€] +aT)])
n,m

A g (exp (1 + aT))

=M 5 (e +aT))

+

e It remains to send  to 1 to show that Y" is a Cauchy sequence

e From this we construct a solution
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Application to PDEs

Probabilistic representation for

owu(t, x) + Lu(t, x) + f(t, x, u(t, x), Vxuo(t,x)) =0, u(T,.)=g,
Cu(t,x) = %trace(aa*v)%u(t, X)) + b(t, X) - Vyu(t, x).
The SDE: X0 solution to

t t
X =x0+ | b(s,Xs)ds+ / o (s, Xs) dBs
fo

i

The BSDE: (Y%*, Z0) solution to

Yt:g(X§9’X°) +/tTf(s,X_§”X°,YS,Zs) dsf/tTZSst

Nonlinear Feynman-Kac’s formula: u(t, x) := Y;"* is a viscosity solution
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Assumptions
b, o, f and g are continuous;

b, o Lipschitz w.r.t. x

restriction:

|b(t, x) — b(t,x")| + |o(t, x) — o(t, x")| < B|x — X'|;

o is bounded;

f is Lipschitz w.r.t. y

’f(t,X,y7Z)ff(t,X,y/72)‘ S/BU/*YIL

z+— f(t, x,y,z) is convex;

dp < 2 s.t.

90|+ (8, x,y,2) < € (14 xIP + |yl + |2)

Feynman-Kac's Formula
00®0000
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u solves the PDE

Proposition
u(t,x) := Y* is continuous and

lu(t,x)| < C(1+[x).

Proposition
u(t, x) := YP* is a viscosity solution to the PDE.
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Without convexity

In the bounded case, uniquess can be proved with the assumption

|f(t,y,2) = f(t,y', 2)| < C(ly = ¥'| + (1 + |2l + 12|z = Z) .
e and without convexity

Can we do the same in the non bounded case?

Very particular result
t
X = x+ / b(s, Xs) ds + o B,
0
T T
Y: = g(Xr) +/ (s, Xs, Ys,Zs)dsf/ Zs dBs,
t t

with the assumption, lim;_,o+ w(t) =0,

|g(X) - g(X,)‘ + |f(S7 X, Y, Z) - f(S>X,7yI7ZI)|
Sw(x=xN+C(ly—yI+1+lzl+]ZDIz - 2]),
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Explicit formula for ¢

B(T—1) _
vx > 0, ot(Xx) = exp (’ya%) exp (XveB(Tq)) .

For x < 0:

o if e +anT <1,
o1(x) = e + ay(T — 1),

® else, € + ay(T — S) =1 forsome S € [0, T], and
61(x) = [+ a(T = )] Tizs +exp [ya (6770 — 1) /8] 11cs.

t — ¢¢(x) is decreasing and x — ¢:(x) is increasing and continuous.
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