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Physical context
Three stages of tsunami life

1 Generation

2 Propagation

3 Inundation or run-up

� “tsu” is harbour,

� “nami” is wave
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Energy of tsunamis
There is no common de�nition

Some references :

1 S. Tinti & E. Bortolucci. Energy of Water Waves Induced by
Submarine Landslides. Pure appl. geophys. 157 (2000)

2 Z. Kowalik et al. The Tsunami of 26 December 2004 :
Numerical Modeling and Energy Considerations. 22nd
IUGG International Tsunami Symposium (2005)

3 T. Murty et al. Leakage of the Indian Ocean Tsunami
Energy into the Atlantic and Paci�c Ocean . J. Canadian
Association of Exploration Geophysicists (2005)

4 A. Velichko et al. Amplitude-energy characteristics of
tsunami waves for various types of seismic sources
generating them. Physical Oceanography (2002)
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Tsunami magnitude
Divergence in the de�nition

There exist at least seven different de�nitions :
Papadopoulos, Imamura (2001) : 12-point descriptive tsunami

intensity scale. This scale is not related to any
quantitative physical parameters.

Abe & Hatori (1985) : Mt := a lg h + blog� + c

Kanamori (1972) : Mw = 2
3(lg M0 � 16:1)

Murty & Loomis (1980) : ML := 2(lg E � 19)

B. Levin, M. Nosov. Physics of tsunamis, Springer, 2009
. . .The de�nition of magnitude based on the wave energy is,
naturally, the most adequate de�nition, from a physical point of
view. However, it is not always possible to calculate the wave
energy. . .
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Traditional approach
Approaches to generation

Put coseismic displacements directly on the free surface and let
it propagate :
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Tsunami generation process
Video illustration by courtesy of J. Sharpe
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Tsunami generation modelling
Different scenarios of bottom motion

We consider the following situations :
1 Passive generation

� ) Initial Value Problem (IVP)

2 Instantaneous seabed deformation

h(~x; t) = h0(~x) + H(t)� (~x)

3 Exponential scenario

h(~x; t) = h0(~x) + ( 1 � e� � t)� (~x)

Reference :
D. Dutykh & F. Dias. Water waves generated by a moving
bottom. A. Kundu (ed). Tsunami and nonlinear waves, 2007
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Analytical solutions
Linearized water waves : Cauchy-Poisson problem

� Free surface elevation

� (~x; t) =
1

(2� )2

ZZ
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b� (~k)ei~k�~x

cosh(j~kjh)
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2� i

� + i1Z

� � i1
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s2 + ! 2estds d~k

� Velocity potential
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Energy analysis of generation process - I
Kinetic and potential energies
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Reference :
D. Dutykh & F. Dias. Energy of tsunami waves generated by
bottom motion. Proc. R. Soc. A., 465, 725–744, 2009
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Energy analysis of generation process - II
Total energy and phase space

0 100 200 300 400 500 600 700 800
2.5

3

3.5

4

4.5

5

5.5

6

6.5

7
x 10

11 Total energy

Time, s

E
to

ta
l, J

 

 
Passive generation
Instantaneous
Exponential, t

c
 = 20.0

(c) Total energy

0 1 2 3 4 5 6 7

x 10
11

0

1

2

3

4

5

6
x 10

11 Energy phase space

Kinetic energy

P
ot

en
tia

l e
ne

rg
y

Passive generation
Instantaneous
Exponential, t

c
 = 20.0

(d) Energy phase space

Reference :
D. Dutykh & F. Dias. Energy of tsunami waves generated by
bottom motion. Proc. R. Soc. A., 465, 725–744, 2009
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Energy equation derivation
Departure point : incompressible Euler equations

� Incompressibility condition

r � ~u = 0

� Momentum balance

@~u
@t

+ r �
�
~u 
 ~u +

p
�

I
�

= ~g

� Energy equation

@e
@t

+ r �
h�

e+
p
�

�
~u

i
= 0; e := K + � =

1
2

j~uj2 + gz
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Energy equation derivation for long waves
Integration over the depth

After integrating energy equation over the depth :

Et + r � ~� + P = 0

� Total energy

E =

�Z

� h

� 1
2

� (j~uj2 + w2) + � gz
�

dz

� Energy �ux

~� =

�Z

� h

� 1
2

� (j~uj2 + w2) + p + � gz
�
~u dz

� Energy input term

P = ps� t + pbht
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Energy equation derivation for long waves
Switching to dimensionless quantities

After integrating energy equation over the depth :

Et + "r � ~� + "P = 0

� Total energy

E =

"�Z

� h

� "
2

(" j~uj2 +
"
� 2w2) + z

�
dz

� Energy �ux

~� =

"�Z

� h

� "
2

(" j~uj2 +
"
� 2w2) + "p + z

�
~u dz

� Energy input term
P = "pb� t
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Governing equations - I
NSW2E : Nonlinear Shallow Water Equations with Energy

� Mass conservation

Ht + r � (H~u) = 0

� Momentum conservation

(H~u)t + r �
�
H~u 
 ~u +

g
2

H2�
= gHr h

� Energy equation

Et + r �
� �

E +
1
2

� gH2�
~u

�
= � gH� t
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Governing equations - II
Boussinesq equations with energy

� Mass conservation

Ht + r � (H~u) = 0

� Momentum conservation
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+ O("� 2) = � gH� t
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Energy equation modi�cation
How to extract the wave energy ?

Total energy equation :

Et + r �
� �

E +
1
2

� gH2�
~u

�
= � gH� t

� kinetic wave energy

� potential wave energy

� potential energy of the water column

De�ne the wave energy :

Ew := E +
1
2

� gh(~x; t)2

Wave energy equation :

Ewt + r �
� �

Ew +
1
2

� gH2 �
1
2

� gh2�
~u

�
= � g(H � h)� t
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Active generation of a tsunami wave - I
Free surface elevation by VOLNA code

Reference :
D. Dutykh & F. Dias. Energy of tsunami waves generated by bottom motion. Proc. R. Soc. A., 465, 725–744, 2009
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Active generation of a tsunami wave - II
Total wave energy density computation by VOLNA code

Reference :
D. Dutykh & F. Dias. Energy of tsunami waves generated by bottom motion. Proc. R. Soc. A., 465, 725–744, 2009
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Energy reconstruction
Computation of the total energy from NSWE solutions

Why to add a supplementary energy equation ?

1 We solve NSWE ) (h; H;~u)
2 Using this information, we approximate the energy density :

E �
1
2

� Hj~uj2 +
1
2

� g� 2

3 To obtain the total wave energy, we integrate over the
domain 
 :

E(t) =
ZZ




E(~x; t)d~x

Let us compare two methods. . .
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Total energy
Comparison between two ways of energy computation
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Numerical scheme used in code VOLNA
Code has been developed together with Raphaël Poncet

� Unstructured triangular meshes
adapted upon bathymetry

� Numerical �ux : FVCF, HLL,
HLLC, . . .

� Second-order shock-capturing &
WB �nite volume scheme

� Least-squares gradient
� Barth-Jespersen limiter
� Hydrostatic reconstruction

[Audusse'05]

� Time stepping : SSP-RK 3(4),
with CFL = 2

Reference :
D. Dutykh. Mathematical modelling of
tsunami waves. PhD thesis, 2007
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Preprocessing for VOLNA code
Mostly contributed by R. Poncet

Remarks :
� Relies only on OPEN SOURCE libraries

� PYTHON scripting language

� Coordinate
transformations : PROJ.4

� Scattered data
interpolation : Natural
neighbour by P. Sakov

� Geospatial formats I/O :
GDAL/OGR

� Formats : NETCDF, S57,
DEM, . . .

� Meshing : GMSH FIG.: Java and Christmas island
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De�nition of wave runup

FIG.: SWL indicates Still Water Level

De�nition :
Wave runup is the maximum vertical extent of wave uprush on a
beach or structure above the still water level (Sorensen, 1997)
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Why to model wave runup ?
Basic motivation for this study

Main interest for tsunami people :
� Computation of the so-called inundation maps

� Modelling wave re�ection against a beach

Applications in Hydrology :
� Wave runup is an important process in bluff erosion

� Sediment transport

� Beach morphology, etc.

Engineers use empiric rules of thumb to estimate runup value

� Speaker knows about six different rules : Hunt (1959),
Battjes (1974), CERC Shore Protection Manual (1984),
Mase (1989), Nielsen and Hanslow (1991), Ahrens and
Seelig (1996)
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Shoreline Riemann problem
Algorithm used in our code VOLNA is based on this analytical result

� Method of charecteristics

� Riemann invariants

( HL ; uL) ( HR; uR) � 0

xxsxs� 1

us

Runup

dxs

dt
= us; us := uL + 2cL

( HL ; uL) � 0 ( HR; uR)

xxsxs� 1

us

Rundown

dxs

dt
= us; us := uR � 2cR

Gravity wave speed : cL;R :=
p

gHL;R
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Periodic wave runup on a plane beach - I
3D view (by courtesy of R. Poncet)
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Run-up on a plane sloping beach
Catalina #1 benchmark problem

Comparison with analytical solution by [Carrier & Greenspan '58]
and [Carrier, Wu & Yeh, '03]

� Hodograph transformation

� Resulting linear wave
equation is solved by
Hankel transform

� Approximation is made
while transforming the
initial condition

FIG.: Initial condition and
bathymetry
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Comparison against the analytical solution
Catalina #1 benchmark problem

FIG.: Comparison results. — - VOLNA code, � � � - analytical solution.
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Catalina # 2 benchmark problem
Tsunami run-up on a complex island

FIG.: Okushiri event (1993)

� Complex bathymetry
� Experiment conducted in a wave tank (length – 205 m)
� Reproduces at 1/400 scale tsunami at Okushiri island

(Japan, 1993)
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Tsunami run-up on a complex island
Catalina # 2 benchmark problem

Reference :
D. Dutykh, R. Poncet & F. Dias. Complete numerical modelling of
tsunami waves : generation, propagation and inundation. Submitted
to TCFD, 2009
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Tsunami run-up on a complex island
Catalina # 2 benchmark problem
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Reference :
D. Dutykh, R. Poncet & F. Dias. Complete numerical modelling of
tsunami waves : generation, propagation and inundation. Submitted
to TCFD, 2009
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Catalina # 2 simulation results
Free surface elevation
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Comparison with experiments
Tide gauge data at different locations

FIG.: Tide gauges location
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Experiments
VOLNA code

FIG.: Tide gauge #5

Reference :
D. Dutykh, R. Poncet & F. Dias. Complete numerical modelling of
tsunami waves : generation, propagation and inundation. Submitted
to TCFD, 2009
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FIG.: Tide gauge #7

Reference :
D. Dutykh, R. Poncet & F. Dias. Complete numerical modelling of
tsunami waves : generation, propagation and inundation. Submitted
to TCFD, 2009

DENYS DUTYKH (CNRS – LAMA) Tsunami waves ENS Paris: 27 January 2009 37 / 47



Comparison with experiments
Tide gauge data at different locations

FIG.: Tide gauges location

0 5 10 15 20 25 30 35 40 45 50
-0.01

0

0.01

0.02

0.03

0.04

0.05
Tide gauge No 9 at (4.521, 2.196)

t, s
h

, m

 

 
Experiments
VOLNA code

FIG.: Tide gauge #9

Reference :
D. Dutykh, R. Poncet & F. Dias. Complete numerical modelling of
tsunami waves : generation, propagation and inundation. Submitted
to TCFD, 2009
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Comparison with CLAWPACK
Results by R. LeVeque and D. George
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FIG.: VOLNA code FIG.: CLAWPACK
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Experimental results
Overhead view

DENYS DUTYKH (CNRS – LAMA) Tsunami waves ENS Paris: 27 January 2009 39 / 47



Maximum run-up
Comparison with �eld measurements

FIG.: Maximum run-up in Monai valley.

Computed value : Rmax = 8:05 cm� 400= 32:2 m

Field measurements : Rmax = 31:7 m
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Tsunami generation due to a 2D landslide
Catalina # 3 benchmark problem

� Bathymetry

h(x; t) = x tan� � � e
� 2

r
x� 2

� tan� �
p g

� � t

� Values of parameters :

Parameter Value
� 1
� 5:7�

� 0:01 FIG.: Sliding mass.

Reference :
P. Liu, P. Lynett & C. Synolakis. Analytical solutions for forced
long waves on a sloping beach, JFM, 478, 101–109, 2003
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Catalina # 3 benchmark problem
Comparison with analytical solution
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Catalina # 3 benchmark problem
Comparison with analytical solution
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Realistic landslide scenario
Saint-Laurent river, Quebec, Canada (by courtesy of R. Poncet & F. Dias)

� On demand of Canadian geologists :
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Conclusions
� Long wave energy equation was derived

� Generation process was analyzed from energy point of view
� Simulations involving energy were presented

� VOLNA code was described
� Operational tool for tsunami wave modelling
� Complete cycle from generation to run-up
� Validated by numerous benchmark problems

� Perspectives
� Mesh partitionning and parallelization
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Thank you for your attention !

http://www.lama.univ-savoie.fr/ ˜ dutykh
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