AN ALTERNATIVE APPROACH TO THE
FABER-KRAHN INEQUALITY FOR ROBIN
PROBLEMS

DORIN BUCUR AND DANIEL DANERS

ABSTRACT. We give a simple proof of the Faber-Krahn inequal-
ity for the first eigenvalue of the p-Laplace operator with Robin
boundary conditions. The techniques introduced allow to work
with much less regular domains by using test function arguments.
We substantially simplify earlier proofs, and prove the sharpness
of the inequality for a larger class of domains at the same time.

1. INTRODUCTION

If Q is a bounded domain in RY, 1 < p < oo and 3 > 0, then it is
well known that
—Ayu = MuP?u in Q,

(1.1)
Ou + BlulP2u =0 on Jf)
v

has a first eigenvalue A;(§2). Here A, is the p-Laplacian given by Ayu =

[Vul™

div(|Vu[P~2Vu). That eigenvalue is given by

M(©Q) = min JalVUdE 0 Jog el do

weEW(Q) Jo [ulP da
u#£0

(1.2)

It is isolated and simple, and the corresponding eigenfunction can be
chosen to be positive. The aim of this paper is twofold. First, we
extend results from [3, 10] and [0] to a larger class of domains. Second,
we substantially simplify many arguments. The idea is to work only
with the weak form of the equation, and replace most key arguments
requiring boundary regularity by test function arguments. The main
result is the following isoperimetric inequality.
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Theorem 1.1. Let Q C RY, N > 2, be a bounded Lipschitz domain. If
B is a ball of the same volume as €2, then A\ (B) < A\ (Q) with equality
if and only if Q is a ball.

Apart from a simpler proof, the improvement over [6, 10] is the
uniqueness in the class of Lipschitz domains rather than just C?-domains.
For more information on the history and background of the problem
we refer to [3].

We expect that our new method is powerful enough to deal with
an even larger class of domains, provided a suitable weak formulation
for the eigenvalue problem and good trace theorems are used. We
refer to Section 6 for a detailed discussion of the issues involved. The
result may also be useful to improve the isoperimetric inequality for
the second eigenvalue given in [14] in case of p = 2.

2. A LEVEL SET REPRESENTATION FOR THE FIRST EIGENVALUE

The aim of this section is to use a test function argument to establish
the level set representation for the first eigenvalue A;(§2) of (1.1) from
[8, Proposition 2.1] and [6, Proposition 3.1]. As a consequence we
do not need certain smoothness assumptions on the domain, and the
eigenfunction does not need to be as regular as in the above mentioned
references. In particular, in case of the p-Laplacian, we can avoid the
rather technical regularisation procedure used in [6, Section 3.

The eigenvalue problem is understood in the weak sense, that is, A is
an eigenvalue if there exists a non-zero function u € Wpl(Q) such that

/ |VulP>Vu - Vodr + | BlulP *uvdo = )\/ lulP2uvdz  (2.1)
0 0

o0
for all v € W} (Q). Then u is called an eigenfunction to the eigenvalue
A. It is well known that (1.1) has an isolated first eigenvalue. The
corresponding eigenfunction ¢ is simple and can be chosen such that
(x) > 0 for all x € Q and normalised such that [[?)|« = 1. The proofs
in [17] using the direct method in the calculus of variations are easily
adapted to our situation (see [0, Section 2] or [16, Theorem 3.4]). Note
that the very elegant and simple proof from [13, 2] could be adapted.

From standard regularity theory ¢ € C1(Q) (see [21]). We also use
that the eigenfunction is continuous up to the boundary, even though
we believe that this is not really necessary if good trace theorems are
available. For a discussion of that see Section 6.
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Lemma 2.1. IfQ is Lipschitz and 1 is the first eigenfunction of (1.1),
then ¢ € C(Q) N CHQ).

Proof. We have seen already that ¢ € C''(Q). For the boundary reg-
ularity note that ¢ € L,(2) on every bounded domain (see [9, The-
orem 2.7 and Section 4]). Now the arguments in [15, page 466/467]
imply that 1 is Holder continuous on €). The aim of that reference
is to prove that Vi is Holder continuous. An analysis of that proof
shows that for the Holder continuity of ¢ only the Lipschitz continuity
of © is needed. For the case p = 2 also see [22]. O

We next define a functional.

Definition 2.2. For ¢ € (0,1) we set
Up:i={x € Q: ¢(x) > t},
Sy = {zx € Q: Y(x) =t},
Iy = {x € 09: Y(x) > t}.

For a measurable function ¢: 2 — [0, 00) we set

1 ,
Ho (U, ¢) :=—</ pdo + ﬁda—(p—l)/ ©P d:c)
‘Ut| St I': U

whenever the integral exists. Here o is the (N — 1)-dimensional Haus-
dorff measure and |U;| denotes the Lebesgue measure of the set U;.

One of the main tools we use is the co-area formula asserting that
for every non-negative measurable function v on €2

/U|V@/)|dx—/ /Stvdadt (2.2)

For a proof we refer to [19, Section 1.2.4] or [12, Equation (3.4)]. We
prove the following level set representation of the first eigenvalue.

Proposition 2.3. Let ¢ > 0 be the eigenfunction of (1.1) to Ai(£2).
Then

M(Q) = Ho(Uy, [V|P~ /g7
for almost all t € (0,1).

Proof. Fix t € (0,1) and let € € (0,¢). Define the function

NS At
e homnf1 (V21 )
Then clearly ¢, is increasing in € and

1
g

e — (2.3)
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ase — 0. Asusual, 1y, is the indicator function of the set U;. Moreover,
@- € W, (Q) and by [11, Section 4.2.2],

—(p — )‘ZT@ if p >t +e (on Upe),
)1 t \Y )
V. = g<(p_1)$—p—|—2)wpwl ift <y <t+e,
0 otherwise.

Note that if ¢ is below the infimum of ¢, then ¢, is simply given by
==Y We now look at each term term of (2.1) setting u = 1 and
v = .. For the first term we have

p
o

wp
v

for all 0 < ¢ < t. We rewrite the second integral using the co-area
formula (2.2). We then get

[19er29e Voot = - [

/Um\at((p 05 vt |Z EXC

:/tt+6<(p—1)£—p+2)/s ‘v@;ﬁ‘pll dodt

Since 1) € W, (Q) the above also shows that the function

p—1
s»—>/ —1 +2>/ ‘VJ;‘I dodr

is locally absolutely continuous on (0, 1). Using that such functions are

differentiable almost everywhere (see [20, Theorem 8.17]) we get that

oo

ZEZ%X@—DE—pHOLwaldd

\V¢V1 VP
p—1)-—p+ 2 / do = ——do
— (=) e
for almost all ¢ € (m, 1) as € — 0. Looking at the other terms in (2.1)
we get by using (2.3) and the monotone convergence theorem

/MW%%wﬁ/ﬁm (2.4)
o0 I
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Similarly

/ 2. de — [ 1dz = |U)
[9) U

as ¢ — 0. Hence by letting € — 0 in the identity

/ VPV - Ve, dr + / Bl do = M (Q) / P, du
Q o0 Q

we get
V[P V[ _
_(p — 1) o Q/}p dx + 5 ¢p—1 do + . ﬁd(f = )\1(Q)|Ut‘
for almost all t € (m, 1). Rearranging, the assertion of the proposition
follows. O

3. AN ESTIMATE FOR THE FIRST EIGENVALUE

We can use the representation in Proposition 2.3 to estimate the
functional Hq (U, ¢) in terms of Ay (£2).

Proposition 3.1. Let p: Q — [0,00) be a measurable function such
that ¢ € Ly (Uy) for allt > 0. Set

p—1
wi=p— Vol and F(t):= / wM dzx.
U

Yt (8
Then F: (0,1) — R is locally absolutely continuous and
1 d
H, <M(Q) — ————(tPF(t 1
Q(Utaw) = 1( ) |Ut|tp_1 dt( ( )) (3 )

for almost all t € (0,1). Moreover, there is strict inequality in (3.1) if
and only if @ # |V|P7L/yP~L in Uy on a set of non-zero measure.

Proof. We start by proving an elementary inequality. Consider the
function g(¢) = ¢ defined for ¢ > 0. Since g"(¢) = p'(p' =1)p” 2 > 0
for all ¢ > 0, the function g is strictly convex. The tangent of g at
v >0 is given by v* + p'vP~'(¢ — v), so by the strict convexity

P > 0" +p v o — ) (3:2)

for all ¢ > 0 with strict inequality if and only if ¢ # v. We next con-
sider a new representation of A\;(£2). From the definitions of Hq(Uy, ¢)
and w as well as Proposition 2.3 we immediately get

HQ(Ut,go):)\1(Q)+‘71t‘</stwda—(p—1)/Ut<pp/—‘vw—1/;‘l)d:c).
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Applying (3.2) with v := |V [P~ /4P~! we get
VP p VY

— > w
yr T p—=1 9
with strict inequality if and only if w # 0. Therefore,

Hq(Uy, o) S)\l(Q)Jrﬁ(/Stwda—p/Utw‘vd}—w‘dw)

for almost all ¢ € (0,1). We next want to derive a different representa-

(Pp

(3.3)

tion of the above volume integral. We note that

Vol < Liowl

(@
on Uy if t > 0. Hence |V¢|/¢p € L,(U;) for all t > 0. By the co-area

formula (2.2)
P 1 1 p—1
VY| d:v:/ - \Vi/f\il dodr < o0
Uy ’l/}p t T Sr ’l/}p
and since ¢ € Ly (Uy)

/'W //cpdad7<oo

for all t € (0,1). Because the integrands are non-negative this implies
that the function

1
= _/ wdo) € L((5,1) (3.4)
t /s,
for all 6 > 0 and that

F(t) = / Vel g, //T_dm_/ /deadf

Therefore
1
HalUe ) £ (@) + 5 / wds — pF(1) (3.5)

for all t € (0,1). By (3.4), the function F' is absolutely continuous on
(0,1) for all § > 0. Hence for almost all ¢t € (0, 1)

1
—i(th(t)) = tp—/ wdo — ptP T F(t) = ! </ wdo —pF(t)).
dt tJs, S
To get (3.1) we substitute the above into (3.5). O

We use the above tho prove the following theorem which generalises
[10, Theorem 2.2] and [6, Theorem 4.2] to a larger class of domains.
At the same time we relax the restrictions on the boundary behaviour
of ¢ made in [4, 6, 8, 10]. We now get an estimate for Hq(U;, ¢) from
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below if ¢ # |V[P~1 /4P~ Note that the case p = |[Vy[P~1/yP~ is
covered in Proposition 2.3

Theorem 3.2. Let p: Q — [0,00) be a measurable function such that
0 € Ly(Q). Furthermore, suppose that ¢ # |V|P~' /P~ on a set
of non-zero measure. Then there ezists a set S C (0,1) of non-zero
measure such that

M(Q) > Ho(Us, @) (3.6)
forallt e S.

Proof. We give a proof by contradiction, assuming that
() < Ho(Us, p)

for almost all £ € (0,1). Then from Proposition 3.1 we have

M(Q) < Ho(Us 0) < M(Q) — w%%(tpﬂt))

for almost all ¢ € (0,1). Setting G(t) := t?F'(t) we have in particular
d
‘(t tPF(t 0
G(1) = 5 (PF(0) <

for almost all ¢ € (0,1). Hence G is decreasing on (0, 1). Since F/(1) =0
we have G(1) = 0 and hence G(t) > 0 for all ¢ € (0, 1). By assumption
© # V[Pt /P~ on a set of nonzero measure in Q. Since the sets U;
exhaust € this is also true for U, if ¢ is small enough. Because (3.1) is
strict in that case, G'(t) < 0 for ¢ > 0 in a neighbourhood of zero and
S0

lim G(t) >0
t—0+

We show that this is not possible. By definition of ' and w and Holder’s
inequality

\% \% V[P
F(t):/ljw%dx:/ljcp%dx— U%dm

Vi) 1
< / Mol e < 1 / oVl dz < Lol Vol
U ’17/) t U t

for all t € (0,1). Hence, since p > 1, we get

0 < lim G(t) = lim #*F(t) <ol [|VY|, =0

t—0+ t—0+

which is a contradiction. O
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4. THE EIGENVALUE PROBLEM ON BALLS

In this section we prove some results on the first eigenvalue and the
corresponding eigenfunction if €2 is a ball B, of radius » > 0. We
assume for simplicity that B, is centred at zero. In the spirit of this
paper we prove these results in a natural fashion from the variational
characterisation (1.2) of A\{(B,), replacing an explicit representation
using Bessel functions in [8], and a cumbersome differential inequality
in [0, Proposition 2.8]. We start by showing that \;(B,) is a strictly
decreasing function of r.

Lemma 4.1. The function r — A\ (B,) is strictly decreasing on (0, c0).

Proof. Let 0 < r < R and suppose v is the eigenfunction on B, cor-
responding to A(B,). Setting ¢ := r/R we define v(x) := ¥(tx) for
x € Bg. Then Vu(z) = tVi(tz), so by (1.2) and the transformation
formula

[, |VvPdz + 3 [, |v]P do

M(Bgr) <
1( R) = fBR |U|pd$
[ [Vl e+ 5 [, [l do
s, [P dz
VP dx + Pdo
Ji, (9P de 49 [y 77
s, 10| dx
where we have used that t < 1 in the last inequality. U

If 7 is the eigenfunction on Bg corresponding to A\;(Bg), then the
simplicity implies that v is radially symmetric. In case of p = 2 the
eigenfunction is positive and strictly decreasing in the radial direction.
The same turns out to be true for all p € (1,00) (see [0, Proposi-
tion 2.7]).

In particular, Vi # 0 on Bg \ {0}, so in that domain the operator
A, is uniformly elliptic. Standard regularity theory for linear equa-
tions with diffusion coefficient |Vu|P~2 implies that ¢ € C*(Bgr\ {0}).
Because of the radial symmetry of the eigenfunction also

V()P

T T

is constant for |z| = r. The following result is essential for our proof

of Theorem 1.1. Its proof is much simpler and more natural than the
one in [0, Proposition 2.8].
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Proposition 4.2. The function r — (3, is strictly increasing on [0, R]
with By =0 and Br = (.

Proof. Note that fy = 0 since Vi(0) = 0, and g = [ by the boundary
condition. Hence look at r € (0, R). We know already that ¢ is smooth
and strictly decreasing in the radial direction, so the outer unit normal
to B, is in the direction of —V. Hence \;(Bg) satisfies the eigenvalue
problem

Ay = M(Br)[Y[P* in B,
0
Vup-2 2 4l = 0 on 0B,
Denote the first eigenvalue on € with boundary coefficient 3 by A\ (€2, 3).
Then by (1.2) and Lemma 4.1 we get for 0 <7y <ry <R

VY|P dx + 3., Y|P do
M(Bg) = M(B,, Br,) = I, Jos,

Ty ol dz
< M(B.,, Bry) < Jp, VU dw+ By, o, 1017 do
W) = R
Hence 3,, < (3,, as claimed. O

5. PROOF OF THE ISOPERIMETRIC INEQUALITY

The aim of this section is to prove Theorem 1.1. We assume that
Q c RY is an open bounded set and let B C R¥ the ball of radius
R > 0 centred at zero having the same volume as 2. We first construct
a suitable function ¢ on € by rearranging |V, [P~ /4?1 where 1, is a
positive first eigenfunction of (1.1) for 2 = B. We know from Section 4
that 1, is radially symmetric and so

p—1
B = pu(x) = %

e ()

for |x| = r is well defined for r € [0, R]. As in earlier sections we let
be the positive eigenfunction of (1.1) with [|¢||. = 1. Given t € (0,1)
we define 7(¢) to be radius the ball B, centred at zero having the
same volume as Uy, where U, is the level set of ¢ as in Definition 2.2.
Then we define

() = B
whenever z € Q and ¢(x) = t.

Lemma 5.1. The function ¢: 2 — R defined above is measurable and
0<p(x)<p forallze.
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Proof. By the continuity of ¢ we have |Ug| < |U] if 0 <t < s < 1.
Hence t — r(t) is strictly increasing. By Proposition 4.2 we conclude
that ¢ — (. is strictly increasing with maximum [ for ¢ = 1. This
implies that

fo € Qi (a) 2 1} = {o € Q: p(z) < r(t))

is closed for all ¢ € (0, 1), and so ¢ is bounded and measurable. Since
0 < pu(z) < B for all z € B we also have 0 < p(z) < g for all
x €. O

We also need to relate S; and I'; to the boundary of U;, so we can
apply the geometric isoperimetric inequality.

Lemma 5.2. There exists an at almost countable set Q) C (0,1) such
that o(0U;) < o(Sy) + o(Ly) forallt € (0,1)\ Q.

Proof. Since v € C(Q) it is clear that OU, N Q C S, for all t > 0.

Similarly, since ¢ € C'(€2) by Lemma 2.1
U, NN C Ty = {x € d: (x) >t}

Now by [19, Section 1.2.3] we have

0(89):/aﬂlda:/Oooa(Ft)dt:/Oooa(ft)dt<oo.

Since o(I';) < o(T) for all t > 0 the above implies that o(T';) = o(T;)
for almost all ¢ > 0. Moreover, the functions t — o(I;) and t — o(I';)
are monotone and therefore continuous except for an at most countable
set (). Hence

o(0U;) = o(0U, N Q) + o(0U, N 0N) < o(Sy) +o(I'y)
for all t € (0,1) \ Q. O
Next we compare the functionals Ho and Hp.
Proposition 5.3. Let ¢ be as defined above. Then
Ho(Us, ) < Hp(Bp), p+) = M(B)

for allt € (0,1)\ Q, where Q is the set from Lemma 5.2. Moreover,
there is equality if and only if o(I'y) = 0 and U, is a ball except possibly
for a set of measure zero.
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Proof. Since ¢(x) = By on S; by definition, the isoperimetric inequal-
ity (see [19, Theorem 6.1.6 and Remark 6.2.2]) and Lemma 5.2 imply

/ oudo = Bruyo(0Brw) < Brpyo(0U)
8Br(t)

< Buo(S) + broo0) < [ pdo+ [ pao 51

for all ¢ € (0,1), where for the last inequality we used that ¢ < f.
There is clearly equality if U, is a ball and o(I';) = 0. For the converse
note that 3,4 < f for all » € (0, R) by Proposition 4.2. Hence the
last inequality in (5.1) is strict unless o(I';) = 0. If U; does not have
finite perimeter, then U; is not a ball and by [19, Remark 6.2.2] the
first inequality in (5.1) is strict. If U; has finite perimeter, then by
the sharpness of the isoperimetric inequality (see [18, Theorem 3.1])
the first inequality in (5.1) is strict unless U; is a ball up to a set of
measure zero. Finally, by definition |U;| = |B, | for all ¢ € (0,1) and
so by [19, Section 1.2.3]

/gop/ dx:/ gp{f/ dz.
Q B

The assertion of the proposition now follows by using Definition 2.2. [
For the sharpness of the inequality we need the following lemma.
Lemma 5.4. Suppose that \1(Q2) = A\(B). Then

Ho(Up, ) = HB(Br(t)aﬂo*) = M(B)

and for almost allt € (0,1), Uy is a ball except possibly for a set of zero
(N — 1)-dimensional Hausdorff measure.

Proof. Suppose that ¢ # |V[P~1 /9?1 on a set of positive measure.
Then Theorem 3.2 implies that there exist S C (0,1) of positive mea-
sure such that A\(Q) > Hq(Uy, ) for almost all ¢ € S. Hence by
Proposition 2.3

M(B) = M(Q) > Ho(U, ) 2 Hp(Brg), p+) = M(B)

for all t € S. Since this is a contradiction ¢ = |[Vi[P~1/¢P~! almost
everywhere. By Proposition 5.3 Uy is a ball up a set of zero (N — 1)-
dimensional Hausdorff measure. 0

We are finally in a position to complete the proof of Theorem 1.1.
First observe that Proposition 2.3 and Theorem 3.2 imply the existence

of t € (0,t) such that A\ (Q2) > Hq(Ui, ). Hence A\ (2) > A\(B)
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by Proposition 5.3. For the sharpness of the inequality assume that
A1(©2) = A1(B). Then by Lemma 5.4 U, is a ball for almost all ¢ € U,.
Since Uy, t € (0,1), are nested sets it follows that Q = [U,cq) Ut is
a ball except possibly a set of measure zero. Since 2 is Lipschitz, it
needs to be a ball.

6. REMARKS ON NON-SMOOTH DOMAINS

Our main regularity assumption on €2, namely the Lipschitz charac-
ter, could be weakened. First of all we have to make sure is that I'; as
given in Definition 2.2 makes sense. For that we need to assume that
the Robin problem is well posed in a function space where a suitable
trace can be defined on 0€). Then, one can repeat the arguments in
the proof of Proposition 2.3 as soon as the (local) trace of 1 can be
related to the trace of 1/1.

A second key argument is the application of the geometric isoperi-
metric inequality in the proof of Proposition 5.3. For that we need to
relate I'; and S; to the boundary of U,. In fact we only need that

PU) = o(0'U;) < o(Iy) 4+ a(Sy)

for almost all t > 0, where P(U;) denotes the perimeter and 9;U; the
reduced boundary of U; as defined for instance in [11, Chapter 5]. Such
an inequality is valid if
oU, CcI'yu S, (6.1)
except for a set of zero (N — 1)-dimensional Hausdorff measure.
For the sharpness of the inequality we also get more information
from the proof of Proposition 5.3. Assuming equality we conclude that

o(dU;) = (S;) = (B

and o(I';) = 0. Hence U, is not just a ball up to a set of measure zero,
but a set of (N — 1)-dimensional Hausdorff measure zero. This gives
us additional information in case of non-smooth domains.

If ©2 is an open set, not necessarily smooth, [7] used the space intro-
duced by Maz’ja in [19, Section 4.11.6] to introduce a weak framework
for the Robin problem. As it was noticed in [1], the trace operator in
this space may not be well defined for sets which have a boundary con-
taining a very large number of points with zero density with respect
to 2. However, even then there is hope that our method works by
setting the trace to zero on those parts of the boundary on which it is
not well defined. We then would need to try to show that (6.1) holds.
In particular we would need to show that 0*U; N 0N is contained in
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the part of 02 where the trace is well defined. An indication that this
could be true is the example given in [I, Example 4.2]. Hence it seems
evident that the right way to deal with the trace problem should in-
volve tools of geometric measure theory, the reduced boundary playing
a fundamental role.

We expect that a sufficient condition in order to have a “good” trace
property is that the (N — 1)-dimensional Hausdorff measure restricted
to the boundary is absolutely continuous with respect to the relative
capacity as introduced in [I, 3]. From this point of view, the Lipschitz
regularity could certainly be weakened at least to open sets for which
the trace is locally defined up to a set of (N — 1)-Hausdorff measure
zero in a usual sense such as for instance domains with cusps.

A different approach to define pointwise traces up to sets of zero
(N —1)-dimensional Hausdorff measure is established in [5], where the
“natural” space for the weak formulation of the Robin problem relies
on a particular class of functions of bounded variation.
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