THE ROBIN-LAPLACIAN PROBLEM ON VARYING DOMAINS

DORIN BUCUR, ALESSANDRO GIACOMINI, AND PAOLA TREBESCHI

ABSTRACT. We prove a stability result for elliptic equations under general Dirichlet-Robin
boundary conditions with respect to the variation of the domain under the Hausdorff com-
plementary topology. As a by-product, under the additional assumption of the convergence of
the perimeters, we obtain a stability result for the classical Robin-Laplacian.
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1. INTRODUCTION

In the present paper we will study the effect of domain perturbation on elliptic problems with
general Dirichlet-Robin boundary conditions. To be precise, we will focus on problems of the form

{Auf in

1.1
(1) %-Hw:o on 0f.

Here Q C R¥ is an open bounded set with Lipschitz boundary, v denoting the exterior normal,
f € L*Q), and p is a Borel measure with support on 9Q. The weak formulation of the problem

is as usual
/Vu~Vvd:E+/ uvdu:/fudx
Q o0 Q

for every admissible test function v. The natural functional framework for (1.1) is given by the
space

HY(Q) N L*(09; 1) := {u € H(Q) : trace(u) € L*(0Q; u)}.
In order for the space to be well defined and for the problem to be well posed (see Section 3) we
require that the measure p is such that

w is absolutely continuous with respect to ce-capacity

and

p > cHY 709,
where ¢ > 0 and HY 1|0 denotes the restriction of (N — 1)-Hausdorff measure to 99, that is
the usual area measure on the boundary (see Section 2 for a precise definition of ce-capacity).

The choice of the measure p can lead to Robin as well as Dirichlet boundary conditions. Indeed,

if we require p to be of the form

pi= BHN 7100

1
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with B > 0, the functional space involved is simply H'(f2) and we obtain the classical Robin
boundary condition (called also Fourier condition)

(1.2) %(m) +Bu(z) =0  for HYtae. x € Q.
v

Variable Robin boundary conditions can be obtained by replacing 8 with a function defined on
9. If we choose p to be infinite on 9 and zero outside, the functional space reduces to H}(Q)
and the problem involves thus zero boundary conditions. Both Dirichlet and Robin conditions on
different parts of the boundary can be handled under appropriate choices for u.

Our main concern will be the asymptotic behaviour of solutions u,, of the elliptic problems

13) {—Aun —f in Q,

% + fpty, =0 on 09,

when the Lipschitz domains €,,, contained in a fixed open and bounded box D C RY, approach in
a suitable sense a limit domain 2: here f € L?(D) while, as above, ju, is a Borel measure supported
on 09),. More precisely, we will be interested in stability results, that is if a limit measure p on
0N is determined in such that wu,, approaches the solution of the corresponding elliptic problem
(1.1).

The case of Dirichlet boundary conditions has been extensively studied in the literature. The
asymptotic behaviour of the solutions of (1.3) is captured by a relazed Dirichlet problem as de-
scribed in [8, 9]. If the limit problem is of Dirichlet type on the limit domain £ (but this is not the
case in general), the €2,, are said to approach € in the sense of y-convergence of domains: this kind
of convergence is compatible, from a geometrical point of view, with highly singular perturbations
of the limit domain. We refer the reader to [3, Chapter 4] for a survey on this topic.

The case of classical Robin boundary conditions, i.e., for y1,, = SHY 1|9, has been addressed
in [10] (see as well [12, Chapter 1, Section 6] for a survey of the topic): in that paper, the
authors consider the case in which 0f2,, can be parametrized locally on 0f2, the convergence of the
boundaries being uniform, and prove that w, approaches the solution of

{—Au:f in 0

1.4
(14) % + Bg(x)u =0 on 09,

where the function g is connected to the limit on 02 of the area measures on 912, that is, from
a geometrical point of view, on the oscillations of 0f),,. They show that g can be infinite for very
rough oscillations, that is the limit problem can exhibit Dirichlet boundary conditions.

In the present paper we will consider (see Section 2 for precise definitions)

(1.5) Q, — Q in the Hausdorff complementary topology, Q] — 19,

and associated Borel measures pu,, such that

(1.6) 14 is concentrated on 0, and absolutely continuous with respect to co-capacity,
' > cHN =100,

with ¢ independent of n. From a geometrical point of view, approximation (1.5) does not require
the “equi-graph” condition of [10], and it is compatible with singular perturbations like for exam-
ples the formations of holes concentrating at the boundary or that of sharp spikes with vanishing
volume. Moreover condition (1.6) takes into account possible variations of the Dirichlet-Robin
conditions on the approximating domains.

Our main result (Theorem 3.1) states that problems (1.3) are stable: we show that there exists
a limit measure p supported on 92 satisfying the analogue of (1.6) such that w,, approaches the
solution u of (1.1) (the type of convergence takes into account the fact that the functions are
defined on different domains).

As a by-product of this stability result, we obtain a stability result for classical Robin boundary
conditions: indeed we show in Theorem 3.3 that assuming in addition that

(1.7) HNL(00,) = HY1(09),
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then the limit measure is given by u = AHN 109, i.e., the limit problem is of Robin type.
From a geometrical point of view, condition (1.7) prohibits oscillations of the boundaries in the
convergence §2,, — ), which are responsible for the variation of the Robin conditions in agreement
with the results of [10].

The main stability results are complemented by the convergence of the associated resolvent
operators (see Theorem 3.2 and Corollary 3.4): in particular we show that under the same as-
sumptions we have convergence of the whole spectrum of eigenvalues.

Concerning the proofs of the results, our approach is based on the study of the functionals

(1.8) In (V) ::/ |Vv|2d9:+/ v? duan/ fvdx
Q o9, Qn

n

naturally associated to problem (1.3): the functions w, are indeed minimizers of .J,, such that
(Lemma 4.4 and Remark 4.5)

(1.9) / [[Vun|* + ] dx +/ uldHN " < C
Qp (1979
for some C independent of n.
In order to compare the J,, in a unique functional framework, we extend u,, to the entire box
D by setting them equal to zero outside €2, and denote it by u,lq, . In this way the function is
simply an element of L?(D) since jumps can appear across 9,. It turns out (Lemma 4.2) that
up to a subsequence

(1.10) uple, — ulq strongly in L*(D)

for some u € H'(Q).

In view of (1.10), we study the asymptotic behaviour of the functionals in the sense of I'-
convergence (see Section 2) under the L2-topology. More precisely we will consider a localized
version of (1.8)

F, : L*(D) x A(D) — [0, 4+o0]

given by

(1.11) Fo(u,A) = { Jouna IVulPde + fog, np Wdpm i u € HY (2 N A),

+00 otherwise.

In Theorem 3.6 we show that the variational limit F' of (1.11) (the precise notion adapted to
localized functionals is that of I'-convergence, see Section 2) can be described by means of a Borel
measure g supported on 92, in such a way that (thanks to (1.10)) u is a minimizer of

J(v) ::/ |Vv|2dm+/ vzdu—Z/fvdx,
Q 19]9) Q

i.e., it is the solution of (1.1). The convergence of the volume measures in (1.5) is crucial to study
the structure of I, in particular, to prove that the measure u is supported on 0.

Let us remark that the L?(D)-compactness (1.10) cannot be obtained using extension operators
from H'(€,) to HY(D): indeed this would be the case under the assumption that €2, are “equi-
Lipschitz”, which is not entailed by (1.5). The key observation to infer the compactness is that,
in view of inequality (1.9), u21q, belongs to the space BV (D) of functions of bounded variation
(see Section 2), with a natural uniform bound on the associated norm. Convergence (1.10) is thus
a consequence of the compact embedding properties of BV into Lebesgue spaces.

The connection between Robin boundary conditions and spaces of functions of bounded varia-
tion (and with suitable free discontinuity functionals) has been exploited recently in [2, 4] to de-
velop a variational approach to the proof of the Faber-Krahn inequality for the Robin-Laplacian,
and in [5] to study shape optimization problems under Robin conditions.

The paper is organized as follows. After some preliminaries collected in Section 2, we state
the main results in Section 3. The proofs of the stability results are contained in Section 4, while
Section 5 is devoted to the proof of Theorem 3.6 concerning the asymptotic behaviour of the
functionals F;,, which is pivotal for our analysis.
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2. NOTATION AND PRELIMINARIES

In this section we introduce the basic notation and recall some notions employed in the rest
of the paper. If E C RV, we will denote with |E| its N-dimensional Lebesgue measure, and by
HN-L(E) its (N — 1)-dimensional Hausdorff measure: we refer to [14, Chapter 2] for a precise
definition, recalling that for sufficiently regular sets H¥~! coincides with the usual area measure.
Moreover, we denote by E° the complementary set of E, and by 1g its characteristic function,
ie,lg(z) =1if z € E, 1g(x) = 0 otherwise.

If AC RY is open and 1 < p < 400, we denote by LP(A) the usual space of p-summable
functions on A with norm indicated by || - ||,. H'(A) will stand for the Sobolev space of functions
in L2(A) whose gradient in the sense of distributions belongs to L?(A4,RY). Finally M;(4;RY)
will denote the space of RY-valued Radon measures on A, which can be identified with the dual
of RV-valued continuous functions on A vanishing at the boundary.

Hausdorff complementary topology on open sets. The family IC(R”Y) of closed sets in RY
can be endowed with the Hausdorff metric dy defined by
dy(Kq, Ks) := max{ sup dist(z, K3), sup dist(y,Kl)}
zeK; yeKso
with the conventions dist(z,?) = 400 and sup® = 0, so that dy(h,K) = 0 if K = @ and
dy (0, K) = 400 if K # 0.

In order to study the behaviour of Robin problems under general domain variations, we will
use the Hausdorff complementary topology on the family of open sets of RY which is defined as
follows. Let (£2,)nen be a sequence of open sets in RYV. We say that €2, converges to the open set
Q C RY in the Hausdorff complementary topology and write

Q, %0
if for every closed ball B C RY we have
BNQS — BN in the Hausdorff metric on K(RY).

I'-convergence. Let us recall the definition of De Giorgi’s I'-convergence in metric spaces: we
refer the reader to [6] for an exhaustive treatment of this subject. Let (X,d) be a metric space.
We say that F, : X — R I'-converges to F': X — R (as n — +o0) if for all u € X the following
items hold true.

(i) (D-liminf inequality) For every sequence (uy)nen converging to u in X,
liminf F, (u,) > F(u).
n

(ii) (D-limsup inequality) There exists a sequence (uy )nen converging to u in X, such that
lim sup F, (uy,) < F(u).
n

The function F' is called the I'-limit of the sequence (Fy,)nen (With respect to d), and we write
F = I'—lim, F,,. The following result holds true (see [6, Corollary 7.20 and Theorem 8.5])
Theorem 2.1. Let X be a separable and metric space, and let Fy, : X — R.

(a) There exist F : X — R and a subsequence (F,, )xen such that

F, —F.
(b) If x,, € X is a minimizer of F,, such that x,, — x € X, then x is a minimizer of F.
Let D C RY be open, and let A(D) denote the family of open subsets of D. We say that
F: X x A(D) — R is increasing if
F(u, 4) < F(u, B)

for every v € X and A, B € A(D) with A C B.

The variational convergence for this kind of functionals is called I'-convergence [6, Definitions
16.2 and 15.5].
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Definition 2.2 (I'-convergence). Let F,, : X x A(D) — R be an increasing functional defined
on X x A(D). We say that the sequence (F,)nen I'-converges to F (as n — +00) if

F(,A) =sup F'(-,B) =sup F'(-, B),
B B

where the supremum is taken over the family of sets B € A(D) such that B C A, and
F'(u, B) := inf{liminf F, (u,, B) : u, — u} and F"(u, B) := inf{lim
n

7

sup F, (un, B) : up, — u}.
13

Notice that the I-limit F is by definition increasing (with respect to the set inclusion) and
lower semicontinuous. The following compactness result holds true [6, Theorem 16.9].

Proposition 2.3. Let X be a separable metric space. Then every sequence (Fy)nen of increasing
functionals from X x A(D) into R has a T-convergent subsequence.

It turns out that I-convergence is equivalent to the existence of a rich set R C A(D) such that
(2.1) VBeR : F,(-,B) - F(-, B).
Recall that a rich family R C A(D) is such that for every A;, Ay € A(D) with Ay CC Ag, there
exists B € R with A; CC B CC A,. In particular we have

(2.2) F(u,A)= sup F(u,B).
BCCA,BER

Capacity. Let £ C RY. We set
co(E) = inf{/ |Vul> 4+ Ju|*dz - uw € H'(RY),u > 1 ae. on E} .
RN

For the properties of co-capacity, and its relevance in the theory of Sobolev spaces, we refer the
reader to [14].

We say that a property P(z) holds co-quasi everywhere (abbreviated cz-q.e.) on a set £ C RY
if it holds for every x € E except a subset B of E such that co(B) = 0. A Borel measure p is said
to be absolutely continuous with respect to co-capacity if pu(B) = 0 for every Borel set B such
that co(B) = 0.

If A C RY is open, every function u € H'(A) admits a quasicontinuous representative, i.e., a
representative @ such that for every € > 0 there exists an open set B, with co(B:) < & and U A\ B.
is continuous. The following fact holds true: if u, — wu strongly in H!(A), we have that up to a
subsequence u,, — 4 cs-q.e. on A.

Functions of bounded variation. If A C RY is open, we say that u € BV (A) if u € L'(A) and
its derivative in the sense of distributions is a finite Radon measure on A, i.e., Du € My(A4;RN).
BV (A) is called the space of functions of bounded variation on A. BV (A) is a Banach space under
the norm ullpy(ay := ||ullzr(ay + [|Dull pm,(aray. We call |[Dul(A) := |[Dul|pq,(a;ray the total
variation of u. We refer the reader to [1] for an exhaustive treatment of the space BV.

If w € BV(A), then the measure Du can be decomposed canonically (and uniquely) as

Du = D% + DIy + D.

The measure D%u is the absolutely continuous part (with respect to the Lebesgue measure) of the
derivative: the associated density is denoted by Vu € L'(A;RY). The measure D7u is the jump
part of the derivative and it turns out that

Diu=(um —u”)@vHN | J,.

Here J, is the jump set of u, v is the normal to J,,, while u* are the two traces of v on the jump
set. Finally D is called the Cantor part of the derivative, and it vanishes on sets which are
o-finite with respect to HN 1.

We will use the following result.
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Theorem 2.4. Let A CRYN be open, bounded and with a Lipschitz boundary. The following items
hold true.

(a) Compact embedding. The space BV (A) is embedded in LP(A) for every 1 < p < ~-.
The immersion is compact if p < %

(b) Lower semicontinuity of the total variation. If (un)nen is bounded in BV (A) and u, — u
strongly in L'(A), then

|Du|(A) < liminf |Du,|(A4).

3. THE MAIN RESULTS

Let us consider Q@ C R open, bounded and with a Lipschitz boundary, and let u be a Borel
measure such that

(3.1) 1 is concentrated on 02 and absolutely continuous with respect to ce-capacity,
’ > cHNH 09,

for some ¢ > 0. We are interested in the following elliptic problem

{—Au:f in Q

3.2
(3:2) %+u,u:O on 012,

where f € L?*(Q). The weak formulation of the problem involves the Hilbert space
H' Q) NL*(09Q; 1) := {u € H'(Q) : ujpq € L*(0% p)}

which is well defined since the measure p vanishes on sets with zero co-capacity. As usual, we say
that u € HY(Q) N L2(0%; u) is a solution of the problem if for every v € HY(Q) N L2(0Q; 1) we

have
/Vu-Vvdx+/ uvduz/fvdx.
Q a0 Q

In view of the second property of p in (3.1), it is readily seen that the elliptic problem admits a
unique solution thanks to the Lax-Milgram lemma: indeed the associated bilinear form is contin-
uous and such that

/|Vu|2dx+/ u2du2/ \Vu|2dx+c/ udeN_IZCHuH?{l(Q)
Q a0 Q Ele)

for some constant C' > 0 (the middle term given a norm equivalent to the standard one on H'((2)):
hence it is also coercive on H'(Q) N L?(9%; ).

We are interested in the behaviour of the solutions of problem (3.2) under the variation of the
domain  and of the measure pu.

Let us fix D C RY open and bounded, and let €2,,,Q2 CC D be open and Lipschitz domains
such that

(3.3) QB0 and Q. — Q.
Let (pn)nen be a sequence of Borel measures in D such that

4 14y is concentrated on 0f),, and absolutely continuous with respect to co-capacity,
(34) tn > cHN 109,

with ¢ independent of n.
The main result of the papers is the following: recall that for v defined on £ C D, we denote
with ulg the function on D extended to zero outside E.

Theorem 3.1 (Domain perturbation for generalized Robin problems). Let D C RY
be open and bounded, and let Q,,Q2 CC D be open and Lipschitz domains satisfying (3.3). Let
(tn)nen be a sequence of Borel measures on D satisfying (3.4).
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There exists a subsequence (still denoted with the same index) and a Borel measure p on D
satisfying (3.1) such that if for f € L?(D) we let u, € H'(€,) be the solution to

—Au, = in
(8:5) {agy" :un;{n =0 on 3?2,“
then
(3.6) unla, — ulg strongly in L*(D)
and
(3.7) Vuy,la, — Vulg weakly in L?(D; RY),

where u € H(Q) is the solution to (3.2). Moreover
(3.8) lim {/ |V, |? da +/ u? dun] = / |Vu|? da +/ u? dy.
n L, o9, Q o0

The previous stability result is fundamental to obtain the convergence of the resolvent operators
and then of the associated spectra. Let us consider the operator

(3.9) Ra, .. : L*(D) — L*(D)
defined by
(310) RQ",/,L.,L (f) = unlﬂn,

where u,, € H'(£2,,) is the solution of the elliptic problem (3.5). Recall that the complete spectrum
of the resolvent operators Rq, ., is defined as

) Jo IVulPde+ [, u?dp,
(3.11) Ak (i, 1n) = ;géLL max T da ;

where S C HY(Q,,) N L?(0Qy,; ) denotes the family of k-dimensional subspaces, k > 1.
The following result holds true.

Theorem 3.2 (Convergence of the resolvent operators). Under the assumptions of Theorem
3.1

(3.12) Ro, ., = Ra,p in the operator norm.
In particular, for every k > 1 we have

li7rln Ak (Qny i) = A (Q, ).

Given 8 > 0, the choice
(3.13) pin = BHN 109,

leads to an elliptic problem under classical Robin boundary conditions with coefficient 5. The
second fundamental result of the paper is the following.

Theorem 3.3 (Stability of classical Robin problems). Let D C RY be open and bounded,
and let Q,,,Q CC D be open and Lipschitz domains satisfying (3.3) and

(3.14) HNL(00,) = HY L (09).
Given f € L*(D) and 8 > 0, let u, € H*(Qy,) be the solution of

(3.15) {FMA”” =/ in S,

G+ Bun, =0 on Q.
Then
(3.16) unla, — ulg strongly in L*(D)
and

(3.17) Vuyla, — Vulg strongly in L*(D;R™),
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where u € HY(Q) is the solution to

—Au = in
(3.18) o ;oo
5o+ pu=0 on .
Finally
(3.19) lim ul dHN T = / u? dHN L
o Joq, 0

Let us denote by Rq,, g and Ag(€y,, 3) the resolvent operators and the eigenvalues associated to
(3.15) according to (3.10) and (3.11) with the choice (3.13) for p,. We have the following result.

Corollary 3.4. Under the assumptions of Theorem 3.3
(3.20) Rq, s — Rap in the operator norm.

In particular, for every k > 1 we have

In order to prove the previous stability results, and more precisely to deal with the general
variation of the domains given by the convergence in the Hausdorff complementary topology, we
employ a variational approach based on I'-convergence.

Let A(D) be the class of all open subsets of D. We will consider the localized functionals

F, : L*(D) x A(D) — [0, +0o0]
given by

(3.21) Fo(u,A) = { Jouna IVulPde + fog, np Wdpn if u € HY (2, N A),

+o0o otherwise.

Remark 3.5. The trace term in the previous expression is defined in the following way.
(a) Since Q,, is Lipschitz regular, for every z € 99, N A we can find r > 0 such that

B, ()N, = B.(F) N E,,

where E,, = {(z/,2n) € RN xR : 2y < g,(2')} for a suitable Lipschitz function g, :
RN~! — R. Reducing 7 if necessary, we may assume B,.(Z) C A. Hence u € H'(Q,, N A)
entails that u € H(B,.(Z) N Ey,).

(b) In view of point (a), it turns out that a value of u on 9, N A is well defined up to sets
negligible with respect to co-capacity: it is sufficient to multiply u by a smooth cut-off
functions in B,(z), extend to H'(R") and consider the restriction to €2, N B,.(Z) near 7
of the associated co-quasicontinuous representative.

Notice that if j,, is in addition absolutely continuous with respect to H¥~1|9Q,, (as in the case of
classical Robin problems), the value of u involved is the usual one in the sense of traces (defined
again locally thanks to point (a)). Notice finally that for u € H*(Q, N A) the trace term in (3.21)
is not necessarily finite.

The following result will be pivotal for our analysis: it shows that the limit of the energies F,
in the variational sense of I'-convergence maintains the same structure at least on the subspace
H!(D): to deal with the localized functionals, we employ the notion of I'-convergence (see Section
2).

Theorem 3.6 (The I'-limit of the energies). Let D C RY be open and bounded, let €2, CC
D be open and Lipschitz domains satisfying (3.3). Let (tin)nen be a sequence of Borel measures
on D satisfying (3.4), and let F,, be the functionals defined in (3.21).

There exist F : L?>(D) x A(D) — [0, +oc] (local with respect to the second variable) and a Borel
measure p satisfying (3.1) such that up to a subsequence (still denoted with the same index)

F, Lr in the strong topology of L?(D),
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with

F(u,A) = / |Vu|? da + / u?dp
QnAa a0nA

for every u € H*(D) and A € A(D) (the trace value of u is defined according to Remark 3.5).

The proof of the results proceeds as follows. On the basis of Theorem 3.6, we will prove the
stability results for the generalized and classical Robin problems in Section 4. We complete the
analysis with the proof of Theorem 3.6 in Section 5.

4. PROOF OF THE STABILITY RESULTS

This section is devoted to the proof of the main stability results of the paper. More precisely,
we collect some technical lemmas in Subsection 4.1. The proofs of Theorem 3.1 and of Theorem
3.2 are given in Subsection 4.2, while the stability for the classical Robin problems is studied in
Subsection 4.3.

The starting point of our analysis is given by Theorem 3.6, whose proof is postponed to Section
5. Let us thus consider the functionals

F, : L*(D) x A(D) — [0, 4+o0]

given by (3.21). Thanks to Theorem 3.6 we have up to a subsequence (still denoted with the same
index)

(4.1) F, L F inthe strong topology of L*(D),

where F : L?(D) x A(D) — [0,+00] can be represented as

(4.2) F(u,A) = / |Vu|? da +/ u? dp
AnQ 99NA

for every u € HY(D) and A € A(D). Here p is a Borel measure supported on 9Q which satisfies
(3.1). Moreover for every u,v € L?(D) and A € A(D)

(4.3) u=va.e on A = F(u,A) = F(v, A).
4.1. Some technical lemmas. The following result will be used several times.
Lemma 4.1. Let D C RN be open and bounded and let Q,9Q,, CC D be open with
QLB and Q] — Q)
The following items hold true.
(a) We have
(4.4) la, — 1o strongly in L'(D).
(b) Let u, € H*(,) be such that

/ [[Vu,|* +ui]de < C

n

for some C independent of n. Then, up to a subsequence, there exists u € H*(Q2) such
that

upla, — ulg weakly in L*(D)
and
Vupla, = Vulg weakly in LQ(D;RN).
Proof. Let us start with point (a). It suffices to prove that
(4.5) la, — 1o strongly in L?(D).
There exists a subsequence such that
— f  weakly in L*(D),

la,,
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where f € L?(D) is such that f > 0. We have f = 1 on €. Indeed, if ¢ € C,(f2), then its support
is contained in 2, for n large enough in view of the convergence in the Hausdorff complementary

topology, so that
f(pdx:/ f(pda::lim/ @dx:/godx.
Q D ko Jan,, Q

We can thus write f = 1g + glp\q. From the lower semicontinuity of the norms, and in view of
the convergence of the measures we may write

20+ [ g da =1 flap) < liminf |9, = |9}
D\Q

so that f = 1. Since f is independent of the chosen subsequence, convergence (4.5) follows.

Let us come to point (b). Up to a subsequence, there exist v € L?(D) and ® € L?(D;RY) such
that

uplo, —v weakly in L?(D)
and
Vunlg, = ®  weakly in L?(D;RY).

The result follows if we prove that v = ulg for some u € H(Q2), with ® = Vulg.

In view of point (a) for every g € L?(D) we have

/vgdmzlim/ unlgnglgndm:/ vglq dx
D n Jp D

so that v = v1lg. The same argument shows that ® = ¢1g.
Let us call u the restriction of v to 2, and let ¢ € C}(Q). Since p € CL(€,) for n large, we
may write fori =1,..., N

/ ul;p dr = lim/ UpO;p dx = —lim/ ity + pdx = —/ D;pdx.
Q n Ja, n Ja, Q

We conclude that Vu = & on : this yields that v € H'(Q), and the proof of point (b) is
concluded. g

We will need the following stronger version of the previous lemma involving a control on some
energies of Robin type at the boundary of the domains €),,: in order for these energies to be well
defined, we assume the domains to have a Lipschitz boundary.

Lemma 4.2. Let D C RYN be open and bounded, and let Q,9Q,, CC D be open, Lipschitz with
GLEQ and ] = Q)
Let u, € HY(Q,) be such that
(4.6) / (|Vun|* +u?) dz —|—/ wdHN "l <O
Q,

n

for some C independent of n. Then, up to a subsequence, there exists u € H' () such that
unla, — ulg strongly in L*(D),
Vuplg, = Vulg weakly in L2(D;RN)
and

/ w? dHN T < 1iminf/ w? dHN L
o0 " oy,
Proof. By Lemma 4.1 up to a subsequence
unlo, — ulg  weakly in L?(D)
and
(4.7) Vunlg, — Vulg  weakly in L?(D;RY),
for a some u € H(Q). By the compact embedding of H! into L?, we have that for A CC Q
Up —> U strongly in L*(A)
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since A CC €, for n large, thanks to the convergence in the Hausdorff complementary topology.
Taking into account (4.4), we may assume that, up to a further subsequence,

(4.8) upla, — ulg a.e. in D.
Let us consider the functions given by
Uy 1= uilgn and vi=u’lg.

In view of [1, Theorem 3.87] we have that v, and v belong to BV (D) with derivatives given by
the measures (notice that jumps can appear at the boundary of ,, and Q)

Dv,, = D%,, + Div,, = 2u, Vuylg, do— uil/agn’HNfl |02,

and
Dv = D% + Dv = 2uVulq dz — u’vegaHN ! |00

respectively. In particular we have

(4.9) |Dv,,|(D) :/ 2|unVun|dx+/ u? dHN ! < ||un||§{1(9n) +/ wdHN "l <
oy,

n n

thanks to inequality (4.6).
Up to reducing D, it is not restrictive to assume that it has Lipschitz boundary. In view of the
compact embedding of BV (D) into L*(D) we deduce that up to a further subsequence

(4.10) Up —> W strongly in L'(D)

for some w € BV(D), the convergence being also almost everywhere. Recalling (4.8), we get
w = v = u’lq so that there is no need of a further subsequence and

(4.11) ullg, — u?lg strongly in L'(D).
We immediately deduce that
(4.12) upla, — ulg strongly in L?(D).

Indeed we can use dominated convergence to infer
lim/ lunlq, —ulgl®dz =0
" JD

thanks to (4.8) and (4.11).
In view of (4.9) and of (4.10) (since w = v = u?1q) we deduce

Dv, = Dv  weakly® in My(D;RY).
By (4.12) and (4.7) we have
un Vg lg, — uVulg weakly in L'(D;RY),
which means D%v,, = D% weakly* in M;(D;RN). As a consequence
Div, = Div  weakly” in My(D;RY),
so that, from the lower semicontinuity of the associated total variations, we get

/ u? dHN ! < liminf u? dHN
o9 n o,

and the proof of the proposition is complete. O
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4.2. The stability results for the general problem. Let us start with the following variational
characterization of the solution of the elliptic problem(3.2).

Lemma 4.3. The solution of the elliptic problem (3.2) is the minimizer of the functional J :
HY(Q) - RU{+oc} given by

(4.13) J(v) ::/Q|VU|2dﬂr:—|—/aQ1)2du—2/vadx.

Proof. The solution is readily seen to be a minimizer of the functional J. Viceversa, if « minimizes
J on H*(Q), by comparing with a function ¢ € C}(2) we see that J(u) < +o0, so that the trace
on 9 belongs to L?(9Q; u): hence u € H*(Q) N L?(09; 1). Then the Euler-Lagrange equation for
variations in H'(Q2) N L2(09Q; i) provides the weak formulation of (3.2). O

The following lemma will be useful.

Lemma 4.4. Under the assumption of Theorem 3.1 we have
sup {/ (\Vun|2+ui)dx+/ ufld,un} < 400.
n Qn [5197%

Proof. The proof is a consequence of the Faber-Krahn’s inequality for the first eigenvalue of the
Robin-Laplacian [11]: if we set for every open bounded set with Lipschitz boundary A ¢ RY

A(4) = min Ja Vol de + [, v? dHN !
! © veH(A) fAUQdiL‘ ’

then
(4.14) AF(A) = MY(B)

where B is a ball such that |A| = |B].
Indeed, taking u, as a test function in problem (3.5), we first get

@) [ VuPaet [ addu = [ fuds = [ puteds < ol

12199 Q,

By assumption (3.4) on u, and the Faber-Krahn inequality (4.14) it follows

/ |Vun|2dx—|—/ \un\Zdunz/ |Vun|2dm—|—c/ |t |* dHN T
Qp (21979 Qn tG[Y)

n n

> A{*‘(Qn,c)/ |un|2dx2)\f‘(Bn,c)/ |2 dz,
Q

n n

where B, is a ball with the same measure of ,,. Since |B,| — [Q] there exists A > 0 such that
MY(B,,c) >\, so that

(4.16) 5\/ uidmg/ |Vun|2da:+/ | dit,.
Qp, Qp

n

Gathering (4.15) and (4.16) we obtain

/ |V, |2d —|—/ udp, < C
Qp 2197

for some C' > 0. The conclusion follows using again (4.16). O

Remark 4.5. In view of the previous proof, there exists a constant C independent of n such that

KHWM”wﬂM+/ CAHY < Clfllz o ln 2 -

n

We are now in a position to prove the first stability result.
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Proof of Theorem 3.1. By Lemma 4.4 and assumption (3.4) on u, we deduce
sup [/ (|Vun|2+ui)d$+c/ uid?—lN_l}
n /o, aQ,

< sup [/ (|Vun|? +u?) dx —|—/ u? dun} < +o0.
n Oy,

n

By Lemma 4.2 there exists a subsequence (uy,, )ken such that
(4.17) Up, Lo, — ulg strongly in L?(D)

and
Vi, lg, — Vulg  weakly in L*(D;RY),

for some u € H'(Q).
In view of (4.1), we can choose A C D open with  CC A such that

Fn(v,A)—Q/Q fvdeF(v,A)—z/vadx,

since the integral term involving f is a continuous (with respect to the strong topology of L?(D))
perturbation of F, (-, A), so that the I'-convergence is preserved. Thanks to (4.17), the general
properties of I'-convergence entail that ulg is a minimizer of

v Fv, A) — 2/ fvdx.
Q
Since Q is Lipschitz, we can extend u to @ € H'(D). Since ulg and 4 coincide on QN A = Q,
thanks to the locality property (4.3) we can write
F(u,A) = F(4, A),
so that using the representation (4.2) we get
F(u,A) = [ |Va|*dx +/ W?dp = | |Vul*dzx +/ u? dp.
Q a0 Q a9

We conclude that u € H'(Q) is a minimizer of

vn—>/|Vv|2dx+/ vzdu—Q/fvdx
Q o9 Q

so that by Lemma 4.3 it is the solution of problem (3.2), hence it is uniquely determined. In
particular the entire sequence (uy,),ecn satisfies (3.6) and (3.7). Finally the I'-convergence ensures
also that

lim [/ |Vun|2dx+/ uidun—2/ fundx} :/ |Vu|2dx+/ u2du—2/fudx.
n L, 9, Q, Q a0 Q

Since
lim fundr = | fudz,
mJQ, Q
equation (3.8) holds true, and the proof is concluded. O

Let us address now the stability result for the resolvent operators given by Theorem 3.2. The
following result holds true.

Lemma 4.6. The resolvent operator Rq , is compact with respect to the weak convergence in
L?(D), i.e. for every g, — g weakly in L?(D) then

Rq .(gn) = Ra,u(9) strongly in LQ(D).
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Proof. Let us set
Up := R ,u(gn) and u:= Rq ,(f).
We have testing the equation with w,,

/|Vun|2dx+/ uid,uz/gnundx:/ Intnlodr < ||gnllL2@)llunllL2(0)-
Q a0 Q D

By property (3.1) of p we have

/|Vun|2dx+/ uiduZ/ |Vun|2d:17+c/ uid’HNﬁlzCHunH?_p(Q)
Q [219) Q o0

for some C' > 0 (the middle term gives a norm equivalent to the usual one on H'). We thus obtain
unll o) <M
with M > 0 constant. Thus there exists a subsequence (uy, )reny and u € H(Q) such that
Up,, — U weakly in H'(Q)
so that in particular, being  Lipschitz,
(4.18) Up,, — U strongly in L?(€).
Let us see that u is the solution of (3.2). Notice that the functionals J,, : H(Q) — R U {+oc0}

/|Vv\ dac—i—/ 2d,u—2/gnvdnc
Q

are readily seen to I'-converge in the strong topology of L?(£2) to the functional J given in (4.13)
(indeed, we have a continuous convergence). We thus infer that u is the minimizer of J, that is,
thanks to Lemma 4.3, u is the solution of (3.2). By uniqueness, there is no need to pass to a
subsequence in (4.18), so that the result follows. O

The conclusion of Theorem 3.1 can be rephrased as
Ra, 1, (f) = Ra u(f) strongly in L?(D)
for every f € L?(D). The result can be strengthened in the following way.
Lemma 4.7. Under the assumptions of Theorem 3.1, let f,, f € L*(D) be such that
=1 weakly in L*(D).
Then along the same subsequence given by Theorem 3.1
Ro, pu, (fn) = Ra,u(f) strongly in L*(D).

Proof. In view of Remark 4.5 and of Lemma 4.2, we have that there exists a subsequence such
that

(4.19) R, in, (fre) = Un, lo,, —ulq strongly in L*(D)

for some u € H'(2). In view of Lemma 4.3, in order to conclude it is sufficient to prove that u is
the minimizer of J : H'(Q) — R U {+oc0} given by (4.13).
Thanks to (4.1) we can find A C D open with Q@ CC A and such that

Fn(U,A)—Q/ fnvdeF(v,A)—z/ fvdz,
Qn Q

since the integral term involving f,, is a continuous (with respect to the strong topology of L?(D))
perturbation of that containing f, so that the I'-convergence is preserved. Thanks to (4.19), the
general properties of I'-convergence entail that ulg is a minimizer of

v F(v, A) — 2/ fvde = J(v),
Q
so that the conclusion follows. O

We can now give the proof of Theorem 3.2.
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Proof of Theorem 3.2. The convergence in the operator norm is equivalent to the following
relation

(4.20) sup | Ra, i (f) — R (f)ll 20y — 0.
fELQ(D)aHf”L?(D)Sl

Let (fn)nen be a sequence such that || f,||z2(py < 1 and

||Rﬂn,un(fn) - Rﬂ’u(fn)HLQ(D) = sup HRQmun (f) - RQ,M(f)HLQ(D)'
feLz(D)vl‘fHLZ(D)Sl

The existence of f,, is guaranteed by Lemma 4.6. Since f,, is bounded in L?(D), we may assume
that up to a further subsequence there exists f € L?(D), such that

fn—f weakly in L?(D).
From Lemma 4.6 we have
”Rﬂ,u(fn) - RQ,u(f)HLz(D) — 0,
while Lemma 4.7 entails
1R, i (fn) = Bapu(f)llL2p) = 0.
Since

HRQn,Mn (fn) - RQ,u(fn)”L?(D) < ”RQmun (fn) - RQ,;L(f)”L?(D) + HRQ7H(f7L) - RQ,M(f)||L2(D)

relation (3.12) easily follows.

Since the resolvent operators are compact in view of Lemma 4.6, the convergence of the eigen-
values is a standard consequence of their convergence [13, Lemma XI.9.5], so that the proof is
concluded. O

4.3. Proof of the stability result for the classical Robin problems. In this subsection we
prove the stability results for classical Robin problems given by Theorem 3.3 and Corollary 3.4.
The setting is precisely that of the general stability result with the choice

pn = BHN 71 00,,.

The results thus follow from Theorem 3.1 and Theorem 3.2 if we show that the associated measure
w is given by

(4.21) p=BHN 00

Indeed, if it is the case, being p uniquely determined, there is no need to pass to a subsequence
in the convergence results of Theorem 3.1 so that

(4.22) upla, — ulg strongly in L?(D)
and
(4.23) Vunlg, — Vulg  weakly in L?(D;RY),

together with

lim {/ |V, |* de + 3

Q, 0

ugdHNl} :/ \Vu\zdx+ﬁ/ u? dHN L
Q o0

Using (4.23) and Lemma 4.2 the previous convergence entails

lim/ |V, |? de :/ |Vul>de  and  lim u? dHN ! :/ u? dHN T
n Ja, Q nJoq, o0
so that convergences (3.17) and (3.19) follow.
In order to conclude the proof, we have to show that (4.21) holds true. We claim that for every
¢ € HY(D)N L*(D) we have

n

(4.24) lim PrdHN T = / P?dHN L.
oy, o
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Notice that thanks to assumption (3.14) on the perimeters

/Q Vel + o) da + / G MY < (]2 ) + Pl HY T (002,) < C

n

for some C independent of n. By Lemma 4.2 applied to the functions ¢lg,, and ¢lg, we obtain

(4.25) / @2 dHN 7! < liminf / o dHN L
o0 190

On the other hand, applying the same arguments to the functions
wn = (lell% —¢*)la,  and  w:= ()% —¢*)la
we deduce
/ (lpll2e = ) daH™—t < 1iminf/ (el — ) drn™
o9 n o€

n

Using again (3.14) we get

/ <p2 dHNT > 1imsup/ @2 d’HN_l7
o0 (o192

n

which together with (4.25) yields claim (4.24).
In view of (4.1), we can choose A C D open with Q CC A such that

F,(v,A) 5 F(v, A).
We may thus write

F(p, A) <liminf F,,(p, A)

which gives in this case, for the choice of A and since 1g, — 1q strongly in L(D)

/|V¢‘2d$+/ |90|2du§11minf/ |V<p|2dx+ﬁ/ lp|2dHN !
Q2 GlY) n Q, 20,

= / |V|?dx + liminfﬁ/ lpPdHN L.
Q n (o198
This implies using (4.24)
/ ©%dp < liminf 3 / GdHN L =8 [ PdHN L.
aQ n o, aQ

Notice that Theorem 3.1 ensures that u > SHN~1|9Q: as a consequence
/ ©ldp = QdHN L.
ble) o0

Let now A € A(D). Choosing ¢ € C!(A) such that ¢ 14, by the previous equality we deduce
since p is supported on 0f2

H(A) = p(09N A) = FHY 102N A),
which yields u = BHN =10, so that relation (4.21) is proved.

5. PROOF OF THE I'-CONVERGENCE RESULT

This section is devoted to the proof of Theorem 3.6 on which the analysis leading to the main
results of the paper are based.

Let us start noticing that by definition the functional F;, defined in (3.21) is such that F, (-, A)
is lower-semicontinuous (with respect to the strong topology of L?(D)) for all A € A(D) and
F,,(u,-) is monotone with respect to the set inclusion, for all u € L?(D).

The following compactness result holds true.
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Proposition 5.1 (Compactness for the energies). There exists a functional F : L?(D) x
A(D) — [0, +00], such that up to a subsequence (still denoted with the same index)

(5.1) F, L F

in the strong topology of L*(D). In particular F(u,-) is inner reqular on A(D) for everyu € L?(D).

Proof. In view of the monotonicity of F,(u,-) with respect to set inclusion, the result follows by
applying [6, Theorem 16.9] with X = L?(D) (see also Proposition 2.3). O

We have immediately the following locality property for F'.
Lemma 5.2 (Locality). Let A € A(D) and u,v € L*(D) such that u = v a.e. on QN A. Then
F(u,A) = F(v, A).
Proof. We follow [6, Proposition 16.15]. According to (5.1) and to (2.1), let B CC A be such that
Fu(B) & F(-,B).
Let v, € L*(D) such that v,, — v strongly in L?(D) and
F,(vn, B) = F(v, B).

Then if we set
. o d v om Q,NB
" u  otherwise in D

we get u,, — u strongly in L?(D) (since 1g, — lg strongly in L'(D) thanks to Lemma 4.1) so
that
F(u, B) < liminf F, (u,, B) = liminf F,, (v, B) = F(v, B) < F(v, A).

Letting B invade A we obtain according to (2.2) the inequality F'(u, A) < F(v, A). The opposite
one comes by interchanging the roles of u and v. O

In order to derive a representation formula for F'(u, A), we start with the following lemma.

Lemma 5.3. For every (u, A) € L?(D)x A(D) with F(u, A) < +00 we get that ujgna € H'(QNA)
and

(5.2) F(u,A) > / |Vu|?dz.

QNA
Proof. According to (5.1) and to (2.1), let B CC AN be such that

F,(-,B) SN F(-,B) in the strong topology of L?(D).

From the definition of I'-convergence, there exists u, € L?(D) such that u, — u strongly in L?(D)
and
lim F,, (u,, B) = F(u, B).

The convergence £, a yields that B C ,, for n large enough, so that

F(u, B) =lim F), (uy,, B) > liminf |Vun,|?de = liminf [ |Vu,|? dz.
n Q,.NB n B

n

Since F(u, B) < 400, we get that the restriction of u,, to B is bounded in H'(B), hence also the
restriction of u to B belongs to H'(B). We infer by lower-semicontinuity

(5.3) F(u,B) > liminf/ |Vu,|? de > / |Vu|? d.
n B B
Letting B invade A N 2, we obtain according to (2.2)

F(u,A) > / |Vul|? d.
QNA
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In view of the preceding lemma, we may write for all (u, A) € L?(D) x A(D)
(5.4) Flu, A) = / Vuldz + Gu, A),
anA
where
G : L*(D) x A(D) — [0, +0oc],
adopting the convention that G(u, A) = +oo if F(u, A) = 400 (in this case, also the first term on
the right could be infinite, i.e., ujnay € H' (2N A)).

We want to recover an integral representation for G, at least on H*(D) x A(D): this will be
done using the results contained in [7]. With this aim, the following result holds true.

Proposition 5.4 (Properties of G). The restriction of G to H' (D) x A() satisfies the following
properties.
(P1) Lower semicontinuity: for every A € A(D) the mapping u — G(u, A) is lower semicon-
tinuous with respect to the strong topology of H'(D).
(P2) Measure property: for every u € HY(D) the mapping

A — G(u, A)

1s the trace of a Borel measure on D.
(P3) Locality property: for every A € A(D) and u,v € H'(D) such that uja = vjs a.e., then
G(u, A) = G(v, A).
(P4) C'-convexity: the following items hold true.
(a) For every A € A(D) the mapping u — G(u, A) is convez in H*(D).
(b) For every u,v € HY(D) and p € CY(D) N W1>°(D) with 0 < p < 1, we have

Glou+ (1 —p)v,A) < G(u, A) + G(v, A).
(P5) Quadraticity: for every A € A(D), the mapping
u— G(u, A)

is quadratic on HY(D), i.e. there exists a linear subspace Yo C H'(D) and a symmetric
bilinear form By : HY(D) x H(D) — R such that

[ Ba(u,u) for all uw € Yy,
Glu, A) = { bl Jor all u e H(D)\ Y.

Proof. Let us deal with the several properties separately.

Proof of (P1). Let u, — u strongly in H'(D). We have to prove that
(5.5) G(u, A) < liminf G(uy,, A)

n—-+o0o

for every A € A(D). First of all we claim that

. < limi .
(5.6) F(u, 4) < liminf F(u,, 4)
Indeed, if according to (2.1) B CC A is such that

Fu(~B) 5 F(. B)
in the strong topology of L?(D), we have
F(u,B) < liminf F(u,, B) < liminf F(u,, A)

n—-+4oo n—-+o0o

so that thanks to (2.2) claim (5.6) follows.
In view of (4.4) we have

Vuylg, — Vulg strongly in L*(D;RY),
so that

lim \Vun|2dleim/ |Vunlgn|2d:1c:/ \Vulg|2dm:/ |Vul|? d.
m Ja.na noJa A ANnQ
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Coming back to (5.6) we obtain

/ |Vu|? dz + G(u, A) < liminf F(u,, A) :/
ANQ "

|Vu|? dz + lim inf G (u,,, A)
ANQ "

from which (5.5) follows.

Proof of (P2). Since
G(u,A) = F(u, A) — / |Vu|? da

QnA
it suffices to prove that F'(u,-) is the trace on A(D) of a Borel measure on D. Let us first observe

that for each n € N the functional

Fo(u,A) = / |Vu|? do —|—/ u?dp,
Q,NA o0,NA

is the trace on A(D) of a Borel measure on D. According to [6, Theorem 18.5], in order to transfer
this property to F(u, ), it is sufficient to prove that the functionals F,, satisfy the following uniform
fundamental estimate: for every 6 > 0 and for every A’, A", B € A(D), with A7 C A”, there exists
a constant M > 0 with the property that for every u,v € H'(D) there exists a cut-off function ¢
between A’ and A", such that

Flput (1— @)o, A/ UB) < (1+8) {F(u,A") + Flo, B)} + 6 {[ull sy + ol Eacs) + 1)
+ Ml = vll72s),
where S := (4" \ A")N B.

Let A’, A", B € A(D) with A’ C A", and let u,v € HY(D). If ¢ is a cut-off function between
A’ and A", let us estimate

Fo(pu+ (1 —p)v, A’UB)

= / |V (pu+ (1 — p)v)|* dz + / [ou + (1 — ©))dp, =: I, + L.

Q,N(A’UB) 9Q,N(A’UB)
Let us start with I5. We find
= [ lurO-epPdns [ (e 00 du
99, N(A’UB) 99, N(A’UB)
(5.7) < / pudpy, + / (1= p)o’dpy,
o, NA" o0,NB
< / wdpy, + / v djiy,.
o0, NAY 90,NB

Consider now I;. For every § > 0, there exists a constant Cs > 0 such that we may write

I = [V{pu+ (1 —¢)v)* dx
Q,N(A’UB)
= / loVu + (1 — ¢)Vo + Vo(u —v)|* do
Q,,N(A’UB)
(5.8) ) ) )
<(1+49) / |pVu + (1 — )Vl dz + Cs / IVol*|lu —v|* da
Q,N(A'UB) Q,.N(A'UB)

<(1+49) / |Vul|? dz + / \Vol?de | + M / lu —v|* dz

Q,NA" Q,.NB Q.N(A"\A)NB
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with M := Cs max |Vl|?.
Combining (5.8) and (5.7) we obtain that for every ¢ > 0 and every cut-off function ¢ there
exists M > 0 such that

Fo(pu+ (1 = @)v, AU B) < (14 6)[Fo(u, A”) + Fu(v, B)] + M|lu = 0720, A4\ 41)nB)>

i.e., F, satisfy the uniform fundamental estimate.
Proof of (P3). We proved a stronger locality property in Lemma 5.2.

Proof of (P4). Let u,v € H'(D) and ¢ € C'(D) with 0 < ¢ < 1. Without loss of generality,
we may assume that G(u, A) < +o0o and G(v, A) < +00. According to (2.1), let B CC A be such
that

F.(-,B) 5 F(-,B).
There exist u,, € L?(D) and v,, € L*(D) such that
(5.9) Up — u, U, —v strongly in L?(D)
with

F(u, B) ZliTILHFn(UmB) and F(v,B) :liTILnFn(vn,B).

By assumption (3.3) on the Hausdorff convergence and since 1q, — 1q strongly in L!(D) thanks
to Lemma 4.1, we infer

LNBYaOnB  and Q.0 B|— Q0B
Using again the convergence of the characteristic functions we get
(5.10) Vunlo, ng — Vulonp, Voula,ap — Volonp  weakly in L2(D;RY).

We may write

(6.11)  Glpu+ (1 =), B) = F(pu+ (1 = ¢)v, B) — /mB V(pu+ (1= p)v)* dz

éhmﬂ@mn+u—wwm3»—/ IV (u + (1 — o)) da
n QNB

= lim [/ IV (pu, + (1 — @)vn)|2 dr + / loun + (1 — (p)'un|2 dMn:|
Q,.NB

n 0,NB

—/ IV (u + (1 — @)o)|? da
QNB

= lim (/ |<pV(unfu)+(1—g0)V(vnfv)\2dm+/ |<pun+(1g0)vnzdun> ,
Q,.NB

n 0,NB

where the last equality follows by a direct calculation taking into account (5.9) and (5.10).
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Let us prove point (a) of (P4), i.e., the convexity property. So let us assume that ¢ reduces to
a constant A €]0,1[. We can write

G(Au+ (1 - \v,B)

< liminf (/ AV (uy, —u) + (1 —)\)V(vn—v)‘2da?+/
Q.NB

Ay + (1= N)w, |2 dun>
n 80, NB

n

< liminf (A/ IVt — )% dz + (1 — /\)/ IV (0 — ) da
Q,.NB NB

n

+)\/ u? dpin, + (1= N) / v2 dun)
0Q,NB 0Q,NB

= lim inf ()\/ |V, |? de + (1 — )\)/ |V, |* d
Q,NB

n Q,NB

+)\/ uidun—&-(l—)\)/ vgdun) —)\/ |Vu|2d:v—(1—)\)/ |Vo|? do
o, NB oQ,NB QNB QNB

= AF(u,B) + (1 = \)F(v, B) — /\/mB |Vaul|? dz — (1 - \) /mB |Vo|? d
= A\G(u, B) + (1 — \)G(v, B).

Notice that the third equality is again obtained by a direct calculation taking into account (5.10).
Letting B invade A we get according to (2.2)

GO+ (1= No, A) < AG(u, A) + (1 — N)G(v, A).

Let us pass to point (b). Coming back to (5.11) we may write with similar arguments

G(ou+ (1 —p)v, B)

< lim inf (/ [V (un — ) + |V (0, —v)[?] dz + / (uz +v2) d/,én)
n Q,NB 0Q,NB

= lim inf (/ [[Vun|* + |V, |] do + / (uz +v2) dun>
n Q,NB N,NB

—/ |Vu|2da:—/ |Vo|? dz
onB onB

— F(u, B) + F(v, B) — / Vul? do — / Vo2 dz = G(u, B) + G(v, B).
QNB QNB

The result follows again letting B invade A.

Proof of (P5). According to (2.1), let B € A(Q) be such that
F.(.B) S F(.,B).

Being F,,(-, B) quadratic functionals on H'(D), we get thanks to [6, Theorem 11.10]) that also
F(-, B) is quadratic on H(D). In particular we have F(0, B) = 0 and that for every u,v € H(D)
and t # 0

F(tu, B) = t*F(u, B), Fu+wv,B)+ F(u—v,B) < 2F(u, B) + 2F (v, B).

These properties hold true replacing B by an arbitrary A € A(D) using the inner regularity
according to (2.2). This yields that also F(-, A) is quadratic (see [6, Proposition 11.9]). The
quadraticity of G(-, A) follows now from the equality

G(u,A) = F(u, A) — / |Vul|? d.

QNA

We are in a position to prove an integral representation formula for G.
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Proposition 5.5 (Integral representation of G on H!(D) x A(D)). There exists a Borel
measure (1 on D with support on 0X), absolutely continuous with respect to co-capacity and such
that for every w € H'(D) and A € A(D)

(5.12) G(u, A) :/ u?dy,
o0QNA
where the trace value of u is defined according to Remark 3.5.

Proof. Since G satisfies (P1)—(P4), according to [7, Theorem 7.5], there exist a finite Borel
measure 1 on D, absolutely continuous with respect to cs-capacity and a Borel function f :
Q x R — [0, +00] such that for every u € HY(D) and A € A(Q)

<%mAw3Afwﬁw»@wx

where u is the co-quasi-continuous representative of u. Thanks to the quadratic behaviour given
by (P5) we have that

f(@,6) = a(z)€?
where a : D — [0,4+00] given by a(z) := f(x,1) is Borel. Set u := a(x)n: then p is a Borel
measure on D, possibly not finite (since a(x) can be infinite somewhere) such that

Glu, A) = /A a2 (x)dp.

According to the definition of the trace value of u in (5.12), in order to conclude it suffices to show
that p is supported on 0f2.
Let us start by proving that u(A) = 0 for all A CC Q. According to (2.2) we may assume

without loss of generality that F), (-, A) EN F(-,A). If ¢ € CL(A), we can write
F(p, A) <liminf F,(p, A).
n

Since 2, " Q, we have that A CC ,, for n large enough, so that

liminf F, (¢, A) = lim inf </ |Vo|? da +/ ©? dun) :/ |Ve|? da.
n n Q.NA 892,nA A
/|V90|2dx+/ <p2du§/ Vel dar,
A A A
/ ©*dp < 0.
A

Letting ¢ ' 14, we conclude that u(A) = 0.
r

We prove now that ;(A) = 0 for every A CC D\Q. As above we may assume F), (-, A) = F(-, A).
Let

We infer

so that

K, =ANQ,.
Thanks to (4.4) we have that |K,| — 0. Let B,, be open with K,, CC B,, CC int(D\Q), |B,| — 0,
and let 1, € H (D), with 0 <, <1 on D, v, =0 on K,, and 1,, = 1 outside of B,,. We have

Yy — 1 strongly in L*(D).

Let ¢ € C1(A): then
On =Py = @ strongly in L*(D),
and consequently
F(p,A) < limninf F,(pn, A).

Being AN Q = (, the left-hand side reduces to

(5.13) n%mzAWWWM+m%m=m%m:A¢w.
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Since ¢, = 0 on ANQ,, for the right-hand side we have

F.(pn, A) =0.
We thus conclude
/ @ dp < 0.
A
Letting again ¢ 14, we deduce u(A) = 0, and the result follows.
The properties above show that p is concentrated on 0f2, and the proof is concluded. O

We are now in a position to prove Theorem 3.6.

Proof of Theorem 3.6. In view of Proposition 5.1, Lemma 5.2, relation (5.4) and Proposition
5.5, we need only to prove that

(5.14) p > cHN T 09,

where c is the constant appearing in assumption (3.4) for .
Let us show that for every ¢ € H'(D) we have

(5.15) c/ @QdHN—lg/ ©%dp.
o o0

It is not restrictive to assume that the right-hand side is finite. According to (2.1), let A € A(D)
be such that 2 CC A and

Fu(,A) 5 F(-, A).

Then by the Hausdorff convergence (3.3) we have also €,, CC A for n large enough. Let ¢, €
L?(D) be a recovery sequence for ¢ on A. Using a truncation argument we may assume that
lenlloo < ll¢€lloo- In view of the assumption on A we have

(5.16) /|w\2dx+/ wgduzlim{/ \wn|2da;+/ goidun}.
Q a0 n Q, 0,

Thanks to assumption (3.4) on p, we obtain that (¢,))q, € H'(,) is such that

/<|wn|2+soi>dw+/ S2dHN T <O

n n

for some C independent of n. By Lemma 4.2 we infer
enla, — pla strongly in L*(D),
Venla, = Velg  weakly in L?(D; RY),
and

/ ©?*dHN 71 < lim inf 2 dHN L.
o0 " 9,

Taking into account (5.16) we thus deduce

/|V<P|2dx+/ deu=lim{/ IVsOnIdeJr/ widun}
Q N n Q oy

n

> liminf{/ |Vgpn|2dx+c/ @idHNl} 2/ |V<p|2dx+c/ Q?dHN L,
" Qn 0, Q o0

which yields (5.15).
If B € A(D) and p € C}(B) with ¢ /1, we deduce from (5.15) that

HNTH0Q N B) < u(BNoQ) = u(B)
from which we get (5.14). The proof is now concluded. O
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