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Abstract

We prove that system ST (introduced in a previous work)
enjoys subject reduction and is complete for realizability
semantics. As far as the author knows, this is the only type
system enjoying the second property.

System ST is a very expressive type system, whose prin-
ciple is to use two kinds of formulae: types (formulae with
algorithmic content) and propositions (formulae without al-
gorithmic content). The fact that subtyping is used to build
propositions and that propositions can be used in types
trough a special implication gives its great expressive power
to the system: all the operators you can imagine are defin-
able (union, intersection, singleton, ...).
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1 Introduction.

Motivation: System ST (introduced in [16]) is based on
higher-order logic, using two sorts of formulae:

e Types: formulae with algorithmic content (denoted by
the letters A, B, C, .. .)

e Propositions: formulae without algorithmic content
(denoted by the letters P, Q, .. .).

This idea is already present in the work of Christine Paulin-
Mohring for CoQ [12] and the work of Nora Szasz and
Paula Severi for Martin-L&f’s Type Theory [18]. Both sorts
of formulae can use implication and universal quantification
and they are related using two connectives:

e Subtyping: If A and B are types then, AC B is a
proposition meaning that any program of type A also
inhabits type B.

e Special implication; If P is a proposition and if A is
a type then, P = A represents A if P is true and the

type containing all terms otherwise. This special im-
plication seems to have been first introduced by the
author in [16] and is central to system ST.

Using this simple idea, the natural rules for these connec-
tives and a few axioms, we have shown in [16] that system
ST can be used to extract programs from proofs, but also to
prove programs. For instance, we typed a fixpoint operator
with a type corresponding to well founded induction (using
no specific rule) and we proved that the type of Church’s
numerals in system F is only inhabited with Church’s nu-
merals, internally in system ST (usually, this result can not
be expressed inside the type system itself).

However, there were two open questions in our previous

paper:

e We could not find logical axioms or rules to obtain the
subject reduction property for S-reduction. We found
partial answers, but it was not clear if §-reduction
could be finitely axiomatizable in the system.

e Is realizability semantics complete? This property is
never true for type systems. But, the main original-
ity of system ST is that singleton types are definable
(that is, for each A-term, there is a type containing only
that A-term, up to Bn-equivalence). This, and the fact
that usually untypable terms (such as fixpoint opera-
tors) could be typed in system ST, made us think that
the system could be complete.

In fact, we show in this paper that the answers to both
questions are related and is “yes”, if we add three axioms
and two rules. We also show that system ST as the subject
reduction property for the gn-equivalence. Moreover, all
these axioms and rules have a clear meaning not directly re-
lated to the property we want to prove. For instance, the ax-
iom specifically related to the subject reduction for 3 says
that each type as a complement. About the last three ax-
ioms, which are quite complex, we will at least prove we
cannot replace them by a proper subset.



Why do we need yet another type system ? By our com-
pleteness theorem, system ST is equivalent to realizability.
We think it is better: it is a type system with a very rich lan-
guage to write types. Therefore, it is much more natural to
do proofs in system ST than in realizability (in [16] we give
a proof for the fixpoint rule of TTR [11] without ordinal and
the author found the proof using system ST while he could
not find it using realizability). We have a plan to develop a
computer language with annotations in system ST to prove
the correctness of programs (ideas similar to [10, 13]). The
language of the type system should allow an elegant and in-
tuitive way to annotate programs with a lot of freedom for
the programmer.

However, it should be clear that this article and [16] in-
troduce system ST by studying its theoretical properties.
The examples and the completeness theorem allow us to
think that system ST could have practical interest, but this
is yet to establish in future work.

System ST can also be seen as an elegant way to present
realizability (which is not so easy to formalize, see the re-
mark on the formalization in the section 8) with a possible
stratification depending on the axioms or rules you choose!
This may leads to interesting theoretical results ?

Related works on subtyping: there has been many works
on subtyping [9] (see [7, 15] for a long but still incomplete
list of references). However, in most (if not all ?) of these
works, subtyping relations do not appear in types or appear
through bounded quantifications. This means that all sub-
typing hypotheses in judgment are of the form X C A or
A C X. In our system, subtyping hypotheses are not re-
stricted and subtyping can appear anywhere in types.

Moreover, you can usually deduce typing judgments
from subtyping judgments, but never (as far as the author
knows) in the other direction. In fact, all previous works
on subtyping restrict the expressive power you could have
to keep some properties (decidability of the subtyping rela-
tion, subject reduction, strong or weak normalization, ...).

In system ST, we kept as most freedom as possible, loos-
ing decidability and normalization, but keeping subject re-
duction and gaining completeness. Indeed, previous sys-
tems enjoy often some kind of completeness for subtyping
[9], but never the completeness of typing.

Related works on programs extraction. The initial goal
of this work was to develop a type system, with nice prop-
erties, allowing the removal of parts of proofs with no al-
gorithmic content when extracting programs. Works in this
setting already exists [2, 4], but they start from a proof, for
instance in Girard’s system F [5], and try to discover the
computationally useless parts of this proof.

Here we tried to develop a type system that was intended
to be used directly to build proofs. Therefore, we are free

to design a powerful and elegant system with no care about
the decidability of some particular problems.

Moreover, in [2, 12, 4, 18] subtyping is absent or is an
external property over types while here it is central.

Other related works. Some operators like union, inter-
sections and singleton have been studied for instance in
[1, 3, 6, 14]. However, the purpose of system ST is not to
study these operators and it is hard to compare these works
with our paper. Indeed, we are mainly interested in com-
pleteness while these works focus on more standard prop-
erties like normalization or on practical applications, which
is still a work to be done for system ST.

Nevertheless, when these systems type pure A-terms,
they are always subsystems of system ST (this claim is al-
most a consequence of our completeness theorem). At least,
all the rules or axioms encountered by the author (for pure
A-calculus) are derivable or admissible in system ST (the
intersection rule of system D is only admissible).

Plan: in section 2 and 3, we recall the definition of sys-
tem ST (extended with two new rules and three axioms).
Then, (section 4) we recall the results of [16]. In section 5,
we introduce some new defined operators and their derived
rules. The main tool used in this paper are singletons and we
study, in section 6, three ways to write the property “being a
singleton” and we show that they are equivalent. In section
7, we prove that system ST enjoys subject reduction for j3.
We present our semantics in section 8 and its completeness
in section 9.

PhoX: all the proofs inside system ST have been con-
ceived with PhoX [17] and are available from Internet.

2 The Syntax.

Definition 1 (sorts) A sort is either 7, the sort of types, o
the sort of propositions or s — s’ the function sort between
two sorts of smaller size.

Definition 2 (expressions) The set of expressions is the
set of simply typed A-terms, using sorts as simple types,
written using the following constants of given sort:

e =.c—ec—cforee {o7}

e = :0—>T—T

o C:T—=T—0

o V¢ :(s—¢)—efore e {o,7} and any sort s.

We consider 3-equivalent expressions to be equal.

Remark: later we will use pure A-calculus. The expres-
sions introduced above are the logical part of the system



and despite the fact these are simply typed A-terms, they
are distinct from the pure A-terms that will be associated
with proofs. In short, objects on the left of the “:” sign will
be pure A-terms and objects on the right will be expressions.

Notation issues: We assume that variables always carry
their sort. We will write only = when the sort of = is im-
posed by the context. Otherwise we write variables z* when
their sort is s.

To simplify, we will often write V for v¢ and = for =,
for any value of € or s when the context makes it possible
to recover the missing information. We will also write Vz A
instead of V(Az A) and we will use the symbol =, C and
= in infix notation (we write A C B instead of C A B).

To make it easier to read formulae, we adopt the con-
vention that the letters A, B, C, ..., H represent types and
the letters P, Q, R, ..., W represent propositions. We will
use these letters both for expressions and variables. The let-
ters X, Y, Z will be used for variables representing types.
The letters z,y, z will be used either for A-variables (in
pure A-terms, on the left of the “:” sign) or for polymor-
phic variables in expressions (that is variables that can have
any sort). In the same way, ¢, u, v will either denote a pure
A-term or a polymorphic expression.

To limit the number of parentheses, we will consider
that our implications are right associative with equal pri-
orities, and that quantification has the highest priority :
A=B= CmeansA = (B = C),A = P = C means
A = (P = C)andVx A(x) C B means (¥x A(X)) C B.

In the last two sections of the paper, we will sometimes
use the standard mathematical notation A(¢4,...,t,) for
applications.

Definition 3 (context) A context is a set composed of
propositions P and pairs of the form x : A, where A is a
type and z is a A-variable. Moreover, each A-variable must
be declared at most once in a context.

Example 4 Thesetx : A,y : B, P,Q, R is a context if A
and B have the sort 7 and P, Q, R have the sort o.

Definition 5 (sequent) There are two kinds of sequents:
T'kFt:AandT + P where T is a context, ¢ is a A-term, A
is atype and P is a proposition.

3 Therulesand axioms.
Axiom rules:

Do:AFz:A TP+ P

Subtyping rules:

IHt:A THFACB
IFACA T'ht:B

I'FrAcCcB I'BcC
I'AcCcC

Implication rules for types:
I'z:AFt:B I'Ft:A=B T'kFu:A
'Xxt:A=B Pk (tu):B
'-BcA THA CPB
r-A=A cB="PH

Implication rules for propositions:

IPEQ '-p=Q I'FP
r-P=0Q r+Q
Quantification rules for types:
TEt:A(y) I'Ft:vxAKX)
't vxA(Xx) L'Et:A(v)
I'HA CB(y) I'FA(v) CB

I'-A C VxB(x) I'-vxAKX) CcB

Quantification rules for propositions:
T'FP(y) I'F ¥x P(x)
I' - Vx P(x) I'FP(v)

t: y is a variable having the same sort than = and not free in
the conclusion of the rule.
11 v is an expression having the same sort than z.

Special implication rules:

IPHt:A 'Ft:P=A TFP
'Et:P= A 'Et:A
I'PHACB 'rAcB T'FP

I'FACP=B I'FP=ACB

Defined operators:

1, =VXX

o L=V XVIY(XCY)

T, =VIK(VIX(X C K) = K)
To: =YX (X CX)

Al P:=VK ((ACP=K)= K) Parigot’s
restriction operator [11]

False (empty) type
False proposition
True () type
True proposition



Union

UXx A(x) := VK (¥x (A(X) C K) = K)
e AB]:=VYX ((A C B = X) = X)
e A7lBl:=UX (X | (A C X = B))
o AXA(X) :=VX (X = A(X))
e ANB:=X (X[ ((XCA)

Direct image
Inverse image
Lambda abstraction

A (X C B))) Binary
intersection

= (B ¢ K) = K) Binary
union

e AUB:=VK ((A C K)

e PAQ:=VK((P= Q= K)= K) conjunction

e PV Q:=VK((P=K)= (Q=K)=K)
disjunction
e PQ:=P=Q A Q=P equivalence
e IX P(x) := VK (Vx (P(x) = K) = K) existential
e A=0:=AC L, emptiness
e A#D:=A=0= 1, non-emptiness
e A=B:= ( B) A (B CA) equality on types
o A%:=[JX (X (X NAC L;) typecomplement

e A\B:=ANB° types difference

o S/(A):i=A#£0 A VB <(ACUX ) )
IXT (A C B(X"))
Ais asingleton
In this definition, X™ has the sort 7 (therefore, B has
the sort 7 — 7). We will see that this definition implies
the other definitions with B of sort o — 7 for any o.

Remark: the first eleven definitions where introduced in
[16]. Most of these definitions (new or old) define natural
operators and using the informal (or formal) semantics of
the system, it is easy to check that they have the intended
meaning. For instance, T, is defined as the intersection of
all types K containing any type X and this intersection only
ranges over the type of all terms.

However, some definitions need a comment:

e Parigot’s restriction operator (A | P) is a conjunction
between a type and a proposition. Its interpretation is
A if P is true and the empty type otherwise.

Moreover, used together with union, this operator al-
lows to write the union of all types verifying a given

property P (by writing UX (X | P(X))).

e The direct and inverse image (A[B] and A—![B]) are
very surprising: the first one is the set of all terms ob-
tained by applying atermin Atoatermin B and it is
not definable in any existing type system.

The second one is the set of all terms « such that for
any term ¢t in A, (tw) is in B. This is some kind of
dual of the implication.

e The lambda abstraction (AX A(X)), used together with
direct image, will allow us to write singleton types.

e The definition of “being a singleton” (S ) is clear but is
not the most natural one: another definition would be
minimal non empty element for the subtyping relation.
But, there are semantics where this definition is too
strong (not enough singletons).

Extra rules:

PFt:P=1,)= 1, 'zx:AFACB
TFP I'~ACB

Left rules:

z:AFt:B THA CA
Iz:A'+t:B

,z:Ay)Ft¢: B
Mz:UxAX)Ft: B

Remark: The two first rules where introduced in [16].
The two left rules are new in this paper. They seem to be
needed to get the subject reduction property for 5 and our
completeness theorems. These rules are derivable, but they
introduce a 3 expansion.

Axioms: The rules given above were easy to understand.
However, the following axioms are more complex. We will
give a small comment explaining their intuitive meaning.
For some of them, more explanation will be found in the
sections about semantics or completeness.

e Mitchell’s axiom [9]
F VAB (Vx (A(X) = B(X)) C ¥X A(X) = Vx B(x))

e Inversion of implications
FVPVYAB(P=A=BCA=P=B)
The two first axioms are similar. There are two ways
to interpret them: technically, they are needed to save
one n-expansion in terms; semantically, they express
the fact that vV and =5 have no algorithmic contents.

e False is empty
FVAB(AC L, = B)
A sufficient condition for this axiom to be true is that
1, is interpreted by the empty type.

e Union axiom
FVF VA (Vx (F(x) = A) Cc Ux F(x) = A)
A sufficient condition for this axiom to be true is that
the union is really interpreted by a union.

e Atomicity
FVA (A C UX (X[ (S-(X) A (X C A)))
This axiom expresses that any type is the union of its
singletons.



e Extensionality
FVA,B (S-(B) = VX (A[X] C BIX]) = (A C B))
This axiom is related to n-equivalence. The hypothe-
sis that B is a singleton is needed: if B is interpreted
by {\z(uu)|x not free in u} and A by {\z(x x)} then
VX (A[X] € B[X]) istrueand A C B is not.

e Commutation of singletons
X = Jy B(Y)

Uy x = B(Y)
This axiom is equivalent to the property “the direct im-
age of a singleton by a singleton is a singleton” (see
lemma 30). It is also related to the subject reduction
property for 3-expansion and not only head-expansion.

VX VB | S,(X) =

e Complement
FVAB (A C BUBY
This axiom is related to the subject reduction for 3 and
may be seen as a form of excluded middle.

All axioms except the last three were introduced in [16].
The description of system ST ends here and no further ax-
ioms of rules will be added in this paper.

4 Previousresults.

We give now the results proved in [16] that we use here.

Fact 6 Both definitions of Flalse are equivalent. The im-
plication in one direction can be expressed by the formula
1, = L.. The converse implication can only be written

as a derived rule:
I'Ht: L

'-1,

Fact 7 We can prove - VP (P = 1,) = 1,) = P)
and derive the following rules of excluded middle:

I'PFQ T,P= 1,-Q
TFQ
Te:AFQ T,AC L. FQ
TFQ

Fact 8 We derive these rules for the restriction operator:
'kt:A T'HP I'Ht:ATP T'Ft:ATP
PEt:ATP THt:A I'+P
'FACB T+P I,P-FACB
TFACBIP IFAIPCB

Fact 9 We prove the following statement:

VPVAB (P = A= BC (A]P)=B).

Fact 10 Union rules We derive these rules for union:

Tk t:F(v)
Tt Ux F(x)
FEt:UxFX) ThRu:Fy) = A

Tk (ut):A f
I'FACEF(yv) 'FFy) CA

l“l—ACUxF(x)i l“l—UxF(x)CAJr

Fact 11 We can derive the following rule and theorems for
direct and inverse image:

'tt:A Thwu:B
T'F (tu): A[B]

-VAB,C (AC B = C)< (AB] C C)).
FVAB,C (ACB=C)« (BCA[C)).

Definition 12 For every A-term ¢ and every mapping ¢
from A-variables to formulae of sort 7, we define [¢|? by
induction as:

o |2]? == ¢(m).
o |(tu)|? = [t|”[lul?].
o Mzt|? = AX|t|?[=X] = VX (X = [t|¢[z=X]),

Fact 13 Forany A-term¢, if {z1,. ..,
ables of ¢, we prove ;1 : ¢(x1), ..., %,

x, } are the free vari-
s () ]2,

Theorem 14 LetI' be x1 : Ai,...,2n : An, P1,..., Py
and ¢ defined by ¢(z;) = A; fori € {1,...,n}. We can
derive I' - ¢ : A if and only if we can derive T' - [¢|? C A.

Theorem 15 Our system has the subject reduction prop-
erty for n and the subject expansion property for 3. These
results are immediate consequences of the previous theorem
14, fact 13 and the following provable subtyping relations:

o VA (A C AX A[X])
o VA VB ((AX A(X))[B] C A(B))

n-reduction
(-expansion

Remark: it is important to note that the direction of
the subtyping relation is inverted compared to the direc-
tion of the relation in the subject reduction property. In-
deed, if t >, t/, to deduce ¢’ : A from ¢ : A, we use
[t']® C |t|? C A.

5 New derived rules.

Fact 16 It is trivial to derive all the usual rules and prop-
erties of disjunction, conjunction and existential quantifiers
on propositions.



Proof The definitions are the usual ones used in second or
higher order logic. [

Fact 17 direct image and abstraction are increasing

+VAA BB (ACA)= (BCB)= (AB] c A[B]))
FVAA (VX (A(X) € A(X)) = (AXAX) € AX A(X)))
Proof Immediate. ]

Fact 18 We can derive the following rule:
Lz: A-P
INA#QFP

Proof Consequence of the second rule in fact 7. [
Fact 19 Direct image and union

F VA VB (Ux AB(x)] € AlUx B(x)])

F VA VB (A[Ux B(x)] € Ux AB(X)])

Proof The first subtyping is trivial from fact 17. The sec-
ond one is a consequence of the fact 11. [

Fact 20 We can prove the following inversion between in-
tersection and restriction:

VABYP (ATP)NB C (ANB)|P)

Proof Easy, distinguishing the case where P is true and the
case where P is false. [

Fact 21 We give another definition of binary union:

AUB = UX(X](X=AvV X=B)) and prove the
equality: VA,B (AU B) = (A U B)

Proof Immediate. B
6 Singletons.

Definition 22 We give the following alternative definitions
of singleton:

AZ£DA

VB ((A < Ur 8ix) é)

7 (A C B(x?))

* S;(A) =

(for any sort o)

AZ£DA
(ACXUY) =
VX,Y< (AcC X)Vv )

(ACY)

* Su(A) =

o Sc(A) = (A#Q)/\VX <(XCA) = X#0 é))

(A CX
Lemma 23 For any sort o we have
VA (S-(A) = S, (A)).

Proof Using the fact that
Ux? B(x7) < UY™ (Y7 [ Ix? (YT C B(X?))). n

Lemma 24 We have
VB VA (Ux B(x) N A C Ux (B(x) N A)).

Proof Consequence of the atomicity axiom and lemma
23. [ ]

Fact 25 We can prove the distributivity of binary union:
VAB,C (BUC)NA C (BNA)U(CNA))
Proof Consequence of the lemma 24, fact 21 and 20. g

Fact 26 We can prove VA,B (A C BU (A \ B)).
Proof Easy using fact 25 and complement axiom. [
Lemma 27 The definitions S, Sy and Sc are equivalent.

Proof

o VA (S;(A) = Sy(A)): we assume S;(A), A C XU
Y and prove (A C X) V (A CY). WegetAC XUY
by fact 21. We apply the hypothesis S, (A) with
AC XUY and find Z such that get AC Z | (Z=
XV Z=Y). Using fact 7, we distinguish the case
where A C L, and the case where = : A. The first
case is trivial. In the second case, using fact 8, we get
ACZ Z=XV Z=Y and we end the proof distin-
guishing the two cases.

o VA (Sc(A) = S;(A)): We assume S-(A) and A C
UX B(X) to prove 3X (A C B(X)). Using classi-
cal reasoning (fact 7), we can assume VX ((A C
B(X)) = Lo) ().

We now prove VX (B(X) N A C L) (ii). Using the
second rule in fact 7, we can assume x : B(X) N A.
Then, we get A C B(X) N A from the hypothesis
Sc(A) by proving B(X) N A C A which is trivial and
B(X) N A # () which is an immediate consequence of
x : B(X) N A. Finally, we get B(X) N A C L, triv-
ially from (i) and A C B(X) N A.

To end the proof, we use A C [JX B(X) and the lemma
24 to prove A C |JX (B(X) N A) (iii) and we get a
contradiction between A = (), (ii) and (iii).



o VA (SU(A) = Sc(A)): We assume Su(A), X C A,
X #£ () and we prove A C X. We define B := A\ X.
From the fact 26, we have A C X U B. Thus, using
hypothesis Sy (A), we can assume (A C X) V (A C
B) to prove A C X. Therefore, we can assume A C B.

Then, we prove X = (which gives a contradiction)
from X C X° which is a consequence of the hypothe-
sis X C Aand A C B with the fact that B = (A \ X),
using lemma 24 and 20. [

To prove proposition 31 saying that abstraction (A) pre-
serves the property of begin a singleton, we need the fol-
lowing lemma:

Lemma 28 We can give yet another definition of singleton:

S'c(A) = (A’ #£0 A VX (i;jb) : ((/i(f E ?(l)) i)>

Proof We prove VA (Sc(A) < S-(A)). The left to right
implication is trivial. For the other direction, we just need
to prove VX (X £ 0 = 3Y (S-(Y) A (Y C X))) which is
easy using the atomicity axiom. [

7 Subject reduction for .

Proposition 29 -reduction from -expansion The sub-
typing giving subject expansion for 3 in proposition 15 im-
plies the subtyping giving the subject reduction for 3, for
singleton:
AE (&(A(B)) = (AXA(X))[B] #0 :»)
(A(B) € (AXA(X))[B])

Proof This is an immediate consequence of the definition
of Sc (A(B)), lemma 27 and proposition 15. [

The problemis to be able to apply the previous proposition !
To do so we need to be able to prove that types representing
terms are singletons (if their variables are).

Proposition 30 Singleton and directimage The  direct
image operator preserves the property of being a singleton:

VAB (S:(A) = S:(B) = S-(A[B]))

Proof We assume S-(A) and S;(B). First, we need to
prove AB] #0. This is easy using lemma 18. Then,
we assume A[B] C [JX C(X) (i) and we need to prove
3IX (A[B] € C(X)). Using fact 11, from (i), we get A C
B = X C(X), and using the commutation of singletons
and S;(B) we get A C JY (B = C(Y)). Finally, using
S-(A), we find X such that A ¢ B = C(X), which gives
A[B] C C(X) using fact 11. ]

Proposition 31 Singleton and abstraction The abstrac-
tion operator preserves the property of being a singleton:

AXAX) #0 = VX (S-(X) = S-(AX))) =
VA ( S (AX A(X)) >

Remark: the hypothesis AX A(X) # () is necessary, be-
cause if AX A(X) is not the representation of a A-term,
we could have VX (X #0 = A(X) #0) without having
AX A(X) #0. However, we will always use this result
when AX A(X) is the representation of a A-term. In
this case, we will have - ¢ : AX A(X) which implies
AX A(X) # 0.

Proof First, we prove VA VB (A[UX (X | B(X))] C
UX (A[X] | B(X))) using the property of image and union
(fact 19) and the property of restriction (fact 9) and images
(fact 11).

From this, using the atomicity and extensionality ax-
ioms, we deduce a stronger form of extensionality:

AB (&(B) = VX (S,(X) = (AIX] C BIX))) :»> 0

(A CB)

Then, to prove the result, we assume AX A(X) # 0,
VX (8- (X) = S-(A(X))) (i), S-(Y), Y ¢ AXA(X) and
we must prove (AX A(X) C Y). Using (i), we assume
Y # 0 and we prove (AXy A(Xo))[X] C Y[X]. Using the
subtyping corresponding to (3-expansion, it is enough to
prove A(X) C Y[X]. Then, using (ii), it is enough to prove
Y[X] #0and Y[X] c A(X). The first one is immediate from
Y C AXo A(Xo) and Y #(). The second one is a conse-
quence of S;(Y) and the subtyping corresponding to (-
expansion which gives (AXo A(Xp))[X] € A(X). [

Fact 32 From the left rules, we can derive the following

rule:
Dz:Y,S8(Y),YCAFt:B

Tez:A+t: B

Proof Using classical reasoning to distinguish the case
where P is true and the case where =P is true, we easily
derive the following rule:

Iz:Y,P+-t:B
Txz:YTP+Ht:B

Then, the wanted rule is a consequence of this, the atomicity
axiom and the two left rules. [

Theorem 33 subject reduction for 3 With all the axioms
and rules, system ST enjoys the subject reduction for

Proof LetI'bex; : A1,..., 2y : Ay, Pi1,. .., P, acontext.
WeassumeI' ¢ : Bandt S-reducibleto ¢’. We must prove
r+t:B.



Let Yi,...,Y, be n new variables (not free
in T' or B). Let IV be a3 Yi,...,Zn
Yn,ST(Yl), Y1 C Al, e ,ST(Yn), Yn C An, P, Pp.
By the previous fact, it is enough to prove IV - ¢/ : B.

By theorem 14, this comes from I'” I |t'|* ¢ B where
¢(xz;) = Y;. From lemma 29 and fact 17, we easily get
[t'| C |t|? (because we have enough hypotheses to show
that for any subterm « of ¢ or #/, we have T" S, (|u|?)
using propositions 30 and 31). Therefore, it is enough to
prove I - [t|* C B which comes from theorem 14 and
I"+t:B. [

Theorem 34 subject expansion for  With all the axioms
and rules, system ST enjoys the subject expansion for 7

Proof The proof is similar to the proof of the previous the-
orem. We just need to prove

VA (S:(A) = (AX A[X] C A)),

which is an immediate consequence of the extensionality
axiom and the subtyping giving subject expansion for 3
(fact 15).

Remark: VA (S;(A) = (AX A[X] C A)) is equivalent
to the extensionality axiom and the hypothesis S, (A) is nec-
essary (otherwise, we can prove the incorrect version of the
extensionality).

8 Formal realizability semantics

We will now prove a completeness theorem for our se-
mantics. First, we need to formalize realizability, and we
will use the same higher-order setting than for system ST.

The semantics we formalize here is a generalization of
the semantics given in [16]. This semantics is parametrized
by a relation R used to define realizability candidates. In
[16] we used the Bn-equivalence for R.

To prove our completeness theorem, we need a “formal”
semantics. This means we will really define a formula in a
specific system for “t realizes A”. This kind of semantics
was introduced by Krivine in [8] to be able to do induction
on the proof of “¢ realizes A”. This the key to our complete-
ness proof: we will show that if we prove “I ¢ realizes A”
then we can prove ¢ : A.

Definition 35 Formalization of realizability We  con-
sider a higher-order logic M with one sort o for proposi-
tions and one sort [ for A-terms.

We assume that there is a bijective mapping ¢t — ¢ be-
tween the \-terms and the terms of sort / such that z +— T is
also a bijective mapping between \-variables and the vari-
ables of sort . Moreover, we assume that there is a con-

stant @ of sort | — [ — [ such that Q(¢,w) = (tu). We

also want that x is free in ¢ if and only if = is free in £ and
tlz/u] =tz /4.

This means that our logic M has a representation of A-
terms using objects of sort .

However, it is important to remark that in M, we have no
way to identify A-variables. This is important, because, as
in Krivine’s work [8], we use the logical variables of sort/ in
A-terms as free variables. We may consider that, in fact, we
use A-terms with parameters and not really free variables.
This implies that is we prove - A(z!) in M, then we can
prove - Vol A(z!).

We assume that R is a constant symbol of sort! — [ — o
and that there is a set of axioms T'r defining R.

To each sort s of system ST, we associate a sort s* of M
by replacing every occurrences of 7 in s by [ — o.

For each sort s of system ST, we define p, of sort s* —
o. ps(X) means that X is a valid interpretation for an object
of sort s. We call such an object a candidate:

o pr = AX""r, y(X(2) = R(y,z) = X(y))
e o= AXVY°(Y = Y)
o pos = AT VX (p(X) = pyr (F(X)))

(always true)

To each expression e of sort s in system ST, we associate
an expression e* of sort s* in M by induction as follows:

o =5= \a NNy (a(y) = b(Q(z,y))

o =hi==

o C*:= \a7oN oVl (a(x) = b(x))

o = = \a’ ' 0)\z! (a = b(x))

o V5* = o a2 (pe(2) = alz,2))

o V5= \a® TV (ps(2) = a(2))

o (tu)* := (t*u*) o (Azft)* == \z® t*
e x°* is given by a bijective mapping sending variables

of sort s on variables of sort s*.

If A is atype of system ST and if ¢ is a pure A-term, we
define t E A := A*(t). This defines ¢ realizes A.

If Wy, ..., W, are expressions or contexts of system ST,
we define A(Wy, ..., W,) = ps, (X717, ..., ps, (X5%)
if X7*,..., X5 are the free variables of Wy,...,W,.
A(Wq,...,W,) isavalid context of M.

Il =x21:A,..., 2y Ay, P1, ... Pyisavalid context
in system ST then, we define I'* = 77 F Ay,...,T, F
Ap, Py, ... Py. ' is a valid context of M.

Example 36 We can easily verify that t F VX (X = X)
means VX' (p,(X) = Vo' (X (z) = X (Q(t,2)))).



Remark on the formalization: there are many solutions
to satisfy the conditions about objects of sort [: add func-
tion constants for all A-terms and many axioms, or use a
standard formalization of A-calculus, for instance using De
Bruijn indices (using indices only for bound variables and
a lot of axioms), or use higher-order abstract syntax with a
constant A of sort (I — 1) — [ to code \. This is possi-
ble because the language of M is weak and there are not
too much functions of sort I — [. Moreover, this requires
no special axioms. Note: combinatory logics is not suitable
if you want to say precise things about R, but this is the
simplest solution if R is the Bn-equivalence.

We first prove the following lemma saying that if all vari-
ables in an expression A of system ST are interpreted by
valid candidates then, A is a valid candidate (we need a con-
dition on R):

Lemma 37 Assume
Tr - Va'Vy'V2 (R(z, y) — R(Q(z,2),Q(y, 2)))
If A'is an expression of sort s in system ST then, we get:
Tr,A(A) F ps(A7)

Proof By induction on the size of the expression A, using
the condition for the implication case. [

Lemma 38 We prove in M F VX'7°>p(X) =
(S-*(X) & Fy'V2! (X (2) & R(z,y))).

Proof The right to left equivalence is easy. For the left to
right equivalence, we instantiate the variable B* in S;*(X)
with & =AY~z (Y (z) A Ty'V2H(Y (2) & R(z,y))).
Then, from the hypothesis p,(X), we prove
(X c UY B(Y))*[B* = ¥|. Then, using the hypothesis
S,*(X) we find Y= such that (X C B(Y))*[B* = V.
X being non empty (from S,*(X)) we find %' such
that Vz{(Y(2) < R(z,y)) and (X C Y)* which implies
¥2'(X(2) & R(z,y)) using p.(X). N

Relation between ST and Tz: we associate to some ax-
ioms or rules of system ST a property of the relation R:

e The implication introduction rule for types: R contains
the reduction of one redex, which means that for any
A-terms ¢ and u we have:

Tr F R((A\xt)u,tlx/ul)
e The V elimination rules (for types and propositions):
Tp F Va'Vy'Vz! (R(z,y) — R(Q(z,2), Q(y, 2)))

e Commutation of singletons:

Tr FVa!Vy'V2 (R(z,y) — R(Q(z,x),Q(z,y)))

e Extensionality: the previous property and for any A-
terms ¢, u, v, with z not free in v,

Tr = R(t,w) implies Tr - R(\xz t, Az u)

Tr b R(v, \x(vzx)) A R(Az(va),v)
e Complement: R is a symmetrical relation.

Theorem 39 Correctness of the semantics Let ST’ be a
subsystem of ST and assume T'r allows to prove all the
properties or R associated above to the axioms or rules of
system ST, Then, if we prove, in system ST", ' ¢ : A, we
prove IT*, A(T', A) -t E Ain M and if we prove, in system
ST',T'+ P, we prove I'*, A(T", P) F P* in M.

Proof By induction on the size of the proof. We give some
details for a few axioms and rules:

e The V-elimination rules require lemma 37. It is not
necessary for the other axioms because the translation
of the quantifications bring the hypothesis that objects
are candidates.

e The rules or axioms concerning _L- or the union (ex-
cept those mentioned below) are correct because L,
is interpreted by the empty predicate and the union is
really interpreted by a union.

e By lemma 38, if z F A then, A\y(R(y, x)) is a single-
ton and a subset of A, using p,(A*) which is given by
the translation of the axiom.

e For the singleton commutation, we assume that X is a
singleton and B* a candidate for the sort 7 — 7. By
lemma 38, there is x such that y F X equivalent to
R(y,x). We assume z £ X = [JY B(Y) this implies
that we find Y such that Q(z,z) F B(Y). Then, by
the property associated to the singleton commutation,
we get Q(z,y) E B(Y) for any y in X which implies
z E X = B(Y) which gives the wanted result.

e For the extensionality axiom: we take two candi-
dates A* and B* and assume that ¥X (A[X] C B[X])*,
S:(B)* and x F A. By lemma 38, there is b
such that z = X equivalent to R(z,b). Fory # x
and b, we define Y such that © = Y equivalent to
R(z,y). We have @Q(z,y) F A[Y] which implies
@Q(z,y) F BY]. This implies that R(Q(z, y), Q(u, v))
with « F B and v F Y that is R(u,b) and
R(v,y). Let us write Ay @Q(z,y) for Ay’ (z'y’) with
r = 2/ and y = ¢ which implies (z'y') =
@(z,y). We use the same notation for \y Q(u,v).
Then, using the properties associated to this axiom,
we have R(x, \y Q(x,y)), R(Ay Q(z,y), Ay Q(u, v))
and R(A\y @Q(u,v),b), which implies that « £ B (be-
cause B* is a candidate). Remark: we have implicitly




y not free in b because y was chosen after . We do not
have to say that, because this is ensured by the formal
constraint in the quantification rule of M

e Complement axiom: we prove that « = A° means that
there is no y such that R(x,y) and y = A. Therefore,
it is clear that if R is symmetrical then, = = A° means
that = # A (because A* is a candidate).

Theorem 40 The singleton commutation, extensionality
and complement axioms are all independent. That is they
can not be proved using the two others and the other ax-
ioms and rules of system ST.

Proof If T'r defines R to be the union of S-reduction and
n-equivalence then, the complement axiom is false, but not
the two others.

If Tr defines the 5-equivalence then, the extensionality
axiom is false, but not the two others.

If Tr defines the smallest equivalence relation contain-
ing the head-reduction and the n-equivalence then, the sin-
gleton commutation is false, but not the two others.

In the three cases above, it is easy to find the candidates
showing that the concerned axiom is false looking at the
proof of the correctness theorem. [

9 Completeness of the system ST.

We will prove completeness of system ST when R is the
Bn-equivalence. For all this section, we consider that Tz
defines R to be the gn-equivalence.

Definition 41 Moving back to system ST To each sort s
of M, we associate a sort s° of system ST by replacing
every occurrences of [ in s by 7.

To each sort s of M, we associate an expression v, of
sort s° — o by induction as follows:

ey =S8, e, =Xt T,

o voy =225 VY (Us(y) =5 ve (zY))

vs(x) means that z is a “correct” translation of an object
of sort s of M. This explains the translation of the quantifi-
cation bellow.

To each expression e of sort s in M, we associate an ex-
pression e® of sort s° in system ST by induction as follows:

o ===,

o V5% = Aa® TV 2 (v(2) =, al2))

o (tu)® := (t°u®) o (\zf1)° = \a* 10

e 25° is given by a bijective mapping sending variables
of sort s on variables of sort s°.

o T = [t|? with ¢(z) = 7°.

o @ := AXTAYX|Y].
e R°:=cC.

If Wy,...,W,, are formulae or contexts ofo M, we
define Q(Wy,...,W,) = Vs(a:ii), ... vs(z?) where
o5t a are the free variables of Wy,...,W,.
Q(Wq,...,W,) is avalid context of system ST.

IfI" = Py,..., P, is avalid sequent in system M then,
re:=PpPp,..., P;. I'*isavalid context of system ST.

Lemma 42 If we prove in M, T, T" b P then, we prove
e, T, P) - P insystem ST.

Proof First, we show that for any expression A of sort s in
system M, we can prove Q(A) - vs(A°) insystem ST (this
is an easy induction on the size of A, using fact 30 and 31).

Using this, the proof is immediate by induction on the
proof of I' - P, using the subtyping corresponding to G-
equivalence when using axioms in T'g. [

Definition 43 To each sort s of system ST, we associate an
expression p of sort s — s*° — o by induction as follows:

o Uy = AXTAYTTVZ (5.(2) = ((Z € X) & Y(2)))

o o= AXOAYO(X & Y)

o oy = AXSTS\Y S s
VaoVys” (us(@,y) =0 e (X (2),Y (1))

us(X,Y) expresses that Y is equivalent to X *°.

<

Lemma 44 Let e be an expression of sort s in system
ST. Let zi*,...,z3» be the free variables of e. Let I" be
phsy (250, 25) L, (S 25 *¢). We can prove the
following in system ST: T - ps(e, €*°).

Proof By induction on the size of e. All cases are conse-
quences of the definition, we will treat only the most impor-
tant case of =,:

We assume pu,(A,B), u-(A';B’) and we must prove
ur(A = A',B =*° B’). This means we assume S-(X) and
must prove (X ¢ A = A’) & (B =*° B')(X)). Recall
that we have

(B =*° B')(X) = VY (S:(Y) = B(Y) = B'(X[Y])).

e For the left to right implication, we assume S-(Y),
B(Y) and prove B’(X[Y]) which is easy using facts 30,
11 and the hypotheses.

e For the left to right implication, we assume
(B =*° B’)(X) and prove X C A = A’. Using the
atomicity axiom and fact 11, it is enough to prove
X[Y] ¢ A’ forany Y suchthatS-(Y)andY C A. This
is easy using the hypotheses and fact 30. [



Definition 45 For any sort s of system ST, we define o, of
sort s — s*°:

$*© ¥ ©
[ ] 551—>,.,—>5n—>7- = AXSIA”'_)S"_)T)\yll . )\ynn 2T

Vit oVaie (us, (21, 01) = .. = ts, (Tny Yn)

=z C X(xl,...,a:n))

O Buynsy o = AX Ty Ty
Vait .V (s (21, 91) = - = s, (T, Yn)
:>X($1,...,xn))

Lemma 46 For each sort s, we can prove in system ST:
E V2 (pg(6s(@)) A v (0s(2)) A pis(, 05 (2))

Proof Easy consequences of all the definitions. Remark:
for v, vs+ (A) is always true because the sort s* ends by o.g

Theorem 47 System ST is complete.

Proof LetI' =1 : Ay,...,zp : An, P1,..., P, beacon-

text of system ST, A a formula of system ST and ¢ a A-term.
We assume that T*, A(T", A) + (f £ A) is provable in

M and we prove that " - ¢ : A is provable in system ST.

By the lemma 42, we have T*°, A(T, A)°, Q(T'*, A*) -
(tE A)° ().

Let o be the substitution which replaces every variable
x*® of sort s*° by d,(z). Let B’ be B*°o for any formula
B of system ST. Using the substitution lemma, we can apply
the substitution o to (1).

Then, we make the following remarks:

1. A(T', A)° contains all the formulae of the shape
pS(x*°) when z is a free variable of T or A of sort
s. pS being closed, when we apply the substitution o
we get pS(d5(x)) which is provable by lemma 46.

2. Q(I'*, A*) is composed of two parts: the formulae
S-(z°) for i € {1,...,n} and all the formulae
vs(z*®) when z is a free variable of T or A of sort
s. When we apply the substitution o, formulae of the
shape S.(z;°) are unchanged (because z;° is a vari-
able of sort 7 and therefore unchanged by o which
substitutes only variables of sort s* ending by o). The
formulae of the second shape become v4(ds(x)) and
are provable by lemma 46.

3. By lemmas 44 and 46, we have F p.(4;, A) and
F uo(P;, P/) which means, by definition of pus,
S-(T°)F (T° C 4;) & Al(z;°) and - P, & P/,

4. We have (I E A)° = A*°(t°). The free variable of ¢
are among the z¢ and are unchanged by the substitu-
tion 0. Therefore, applying o to (7  A)° gives A'(1°)
which is equal to A’(|t|?) with ¢(z) = Z° (by defini-
tion of u — u®). Thus, by lemma 44 and 46 we have
(A, A") which implies S, ([t|?) + (t|* C A)
A'(Jt]%)
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5. S;(|t|?) is provable using the hypothesis
S (T1°),...,S-(7°) included in Q(I'*, A*) (by
proposition 30 and 31).

These five remarks give Pi,..., P,,S-(71°),71° C
Ay, S (T0), 70 C A, F Jt]® € A. Finally, using
the rule in fact 32 and theorem 14 wegetI' ¢ : A. [
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